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Abstract
This paper presents a natural extension to foliated spaces of the follow-
ing result due to Gromov : the h-principle for open, invariant differential
relations is valid on open manifolds. The definition of openness for foliated
spaces adopted here involves a certain type of Morse functions. Conse-
quences concerning the problem of existence of regular Poisson structures,
the original motivation for this work, are presented.
Introduction
Gromov proved in [9] the following theorem.
Theorem 0.1 On an open manifold, the h-principle for open, invariant differ-
ential relations is valid.
Heuristically, a differential relation on a manifold M is a differential constraint
on the sections of a certain bundle π : E → M . More precisely, it is a subset
Ω of some jet bundle Jk(E) of local sections of E. A section of E whose k-
jet extension is entirely contained in the relation satisfies the constraint; it is
called a solution of the differential relation Ω. A relation Ω is said to be open
(respectively invariant) when Ω is an open subset of Jk(E) (respectively when
isotopies of M can be lifted to isotopies of Jk(E) that preserve Ω). Letting
Sol(Ω) (respectively Γ(Ω)) denote the set of solutions (respectively sections) of
Ω, endowed with the weak Ck (respectively C0) topology, the relation Ω is said
to satisfy the h-principle if the k-jet extension map
jk : Sol(Ω)→ Γ(Ω) : f 7→ jkf
is a weak homotopy equivalence. This means that the map jk induces a bijection
inbetween arcwise connected components of Sol(Ω) and Γ(Ω), and isomorphisms
of the homotopy groups for the various components.
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Theorem 0.1 has a lot of important corollaries concerning the existence and
classification problems of various types of objects in differential topology and
geometry (cf. [10]). For instance, applying Theorem 0.1 to the relation ΩS =
{ j1α(x) ∈ J1(T ∗M); dα(x) is nondegenerate } yields the following result.
Corollary 0.2 Let M be an open manifold. The inclusion of the space of ex-
act symplectic forms on M into the space of nondegenerate 2-forms is a weak
homotopy equivalence.
In particular, on an open manifold, existence of a symplectic structure depends
only on existence of a nondegenerate 2-form, a problem that belongs to obstruc-
tion theory.
The hypothesis that M is open is crucial. Indeed, already for the symplec-
tic relation ΩS , the h-principle is far from being valid on a closed manifold.
In addition to a nondegenerate 2-form, a closed symplectic manifold admits
a de Rham class in H2(M) whose top exterior power does not vanish. More
subtle conditions, involving Seiberg–Witten invariants, have been discovered by
Taubes (cf. [19]). Furthermore, even when the manifold admits a symplectic
structure, not any nondegenerate 2-form may be deformed into a symplectic
form. In general, if every open, invariant differential relation defined on a man-
ifold M satisfies the h-principle, then M must be open, as such a relation can
be constructed that admits sections and whose solutions are functions without
local maxima.
Motivated by the problem of existence of leafwise symplectic structures on
foliated spaces (cf. [1, 2]), we searched for a generalization of Theorem 0.1 to
foliated invariant differential relations, that is, differential relations that are in-
variant under isotopies that preserve a certain foliation on the manifold. This
requires finding a good notion of “openness” for foliated spaces. It is important
to observe that one may not, in general, impose on the solutions constructed in
the proof of Theorem 0.1 to be nicely behaved at infinity. In contrast, a solution
of a differential relation (a symplectic structure for instance) on a nonclosed leaf
of a foliation, that is the restriction of a global solution (a leafwise symplectic
structure) is most likely very constrained at infinity, partly due to recurrence
phenomena, partly due to the influence of neighboring leaves. The foliated case
lies, in some sense, midway between the open case and the closed case. Exam-
ples of foliations have been exhibited in [1, 2] that seem from some point of view
quite open, that support leafwise nondegenerate 2-forms, but do not admit any
leafwise symplectic structure. One should therefore avoid to include them in
the class of open foliations.
On the other hand, open manifolds are characterized by the existence of
a positive, proper Morse function, without any local maximum. The proof of
Theorem 0.1 suggests to base a definition of openness for foliated manifolds on
that characterization. This justifies the following definition.
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Definition 0.3 A foliated manifold (M,F) is said to be open if there exists a
smooth function f :M → [0,∞) that has the following properties :
a) f is proper,
b) f has no leafwise local maxima,
c) f is F-generic (cf. Definition 3.21 below).
With this definition of openness, the following result holds :
Theorem 0.4 On an open foliated manifold, any open, foliated invariant dif-
ferential relation satisfies the parametric h-principle.
Corollary 0.5 Let (M,F) be an open foliated manifold. Any leafwise nonde-
generate 2-form is homotopic, in the class of leafwise nondegenerate 2-forms, to
a leafwise symplectic form.
The leaves of an open foliation are necessarily open manifolds, but this con-
dition is not sufficient. One might interpret Definition 0.3 as that of uniform
openness of the leaves. It can be checked directly (i.e. without quoting Corol-
lary 0.5) that the foliated manifolds introduced in [1, 2] do not support any
function f satisfying a) and b).
The proof of Theorem 0.4 involves consideration of the trajectories of a leaf-
wise gradient vector field for f , as did the proof of Theorem 0.1. There are
new difficulties. First, the leafwise critical points of f are not isolated but come
in families. Thus they cannot be handled one at a time (as they are in the
nonfoliated case). Secondly, leafwise critical points may be degenerate, even
generically. The set of trajectories converging to a degenerate critical point is
not in general well understood. To overcome the latter difficulty one needs to
carry out a careful construction of a Riemannian metric for which the trajec-
tories of the associated leafwise gradient vector field are somewhat controlled
near the singular locus.
This paper is organized as follows. Section 1 is a brief introduction to the
theory of h-principles (see [10]). Section 2 presents an outline of the proof
of Theorem 0.4, and should serve as a reading-guide for the remainder of the
text. Section 3 is devoted to making precise the term F-generic referred to
in Definition 0.3, and to introducing the notion of strong F-genericity needed
later. Section 4 exhibits some properties of leafwise gradient vector fields (Defi-
nition 4.1) of strongly F -generic functions. Section 5 describes the construction
of a nice Riemannian metric associated to a strongly F -generic function. The
proof of Theorem 0.4 is completed in Section 6. Some examples of open foli-
ated manifolds are presented in Section 7. Finally, Section 8 is concerned with
Corollary 0.5.
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1 H-principles
We state here the definitions and results of the theory of h-principles (cf. [10])
that will be needed in the remainder of the text. We have followed Emmanuel
Giroux’s beautiful (as yet unpublished) lecture notes [7]. The proofs are repro-
duced in [1].
1.1 Differential relations and h-principles
Consider a locally trivial fibration π : E →M with fiber a manifold F . Let Ek
denote the set of k-jets of local sections of π : E → M . If f : U ⊂ M → E
is a local section defined on an open subset U of M , the k-jet of f at x ∈ U
is denoted by jkf(x). The set Ek, endowed with the natural projection Ek →
M : jkf(x) 7→ x, is a locally trivial fibration. For k ≤ r ≤ ∞, a Cr local
section f of E, defined on an open subset U , induces a Cr−k local section
jkf : U → Ek : x 7→ jkf(x) of Ek, called the k-jet extension of f .
Definition 1.1 A subset Ω of Ek is called a differential relation of order k. It
is said to be open if it is an open subset. A section of Ek whose values are in
Ω is called a section of Ω. A Ck section of E whose k-jet extension is a section
of Ω is called a solution of Ω. A section of Ek that coincides with the k-jet
extension of some section of E is said to be holonomic.
Observe that solutions of Ω and holonomic sections of Ω are in one to one cor-
respondence.
Let Ω be a differential relation on the manifold M . We will be considering
families of sections of Ω parameterized by cubes S = [0, 1]p,p ≥ 1. Those are
defined to be continuous maps f : M × S → Ek, such that for each s in S, the
partial map fs : M → Ek (obtained by restricting the map f to M × {s}) is a
section of Ω. A homotopy of sections of Ω is a family parameterized by S = [0, 1].
Concerning local sections of Ω, we need to introduce some terminology. Let
(A,A′) denote a nested pair of compact subsets of M . The word “nested”
indicates that A′ ⊂ A.
- A family of sections of Ω defined near A is a family defined on U × S for
some neighborhood U of A.
- Two families of sections fs and gs are said to coincide near A if there
exists a neighborhood U of A on which both fs and gs are defined, and
for which fs|U = gs|U for all s in S.
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- A family of sections gs defined near A is said to extend another family fs
defined near A′ if gs and fs coincide near A
′.
- Two families of sections fs and gs defined near A are said to be homotopic
if there exists a third family hs,t defined near A with (s, t) in S × [0, 1],
such that hs,0 coincides with fs near A and hs,1 coincides with gs near A.
- A homotopy hs,t is said to be stationary near A for s in S
′ ⊂ S if there
exists a neighborhood U of A for which hs,t = hs,0 on U , for t in [0, 1],
and for s in S′.
Similar definitions apply to sections of E and to solutions of Ω, with one re-
striction : families f : M × S → E of Ck sections of E are required to be
Ck-continuous, that is, their k-jet extension jkf : M × S → Ek is required to
be a continuous map. To obtain solutions that are of smoothness class Cr, with
k ≤ r ≤ ∞, one should everywhere consider Cr sections of E and Ck−r sections
of Ek only. Also, when the relations considered is open, any (continuous) family
of Cr sections of E can be approximated by a smooth family of Cr sections,
that is a smooth map M × S → E.
In the sequel, S′ will always denote a subset of S = [0, 1]p consisting of the
union of some of its faces.
Definition 1.2 (The parametric h-principle.) The relation Ω ⊂ Ek is said to
satisfy the parametric h-principle on M (near a subset A of M) if any family
of sections of Ω (defined near A) is homotopic, among families of sections of
Ω (defined near A), to a family of holonomic sections of Ω. If the sections are
already holonomic on M (or near A) for s in S′, we may assume them to remain
holonomic during the homotopy. (Equivalently, the homotopy may be assumed
to be stationary for s in S′).
Remark 1.3 Observe that if a differential relation Ω satisfies the parametric
h-principle, then its solutions satisfy some kind of uniqueness property. Indeed,
let f0 and f1 be two solutions of Ω whose k-jet extensions are homotopic among
sections of Ω. Let f1t be such a homotopy. Then the family f
1
t is homotopic
to a family ft of holonomic sections of Ω via a homotopy that is stationary for
t ∈ {0, 1}. In particular, the two solutions f0 and f1 are homotopic among
solutions of Ω.
Remark 1.4 The relation Ω satisfies the parametric h-principle on M if and
only if the map jk : Sol(Ω) → Γ(Ω) is a weak homotopy equivalence, where
Sol(Ω) is the set of global solutions of Ω and where Γ(Ω) is the set of global
sections of Ω (cf. [10] (C) p. 16).
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1.2 Invariant relations
Definition 1.5 An isotopy of the manifold M is a family ϕt, t in [0, 1], of
diffeomorphisms of M such that the map ϕ : M × [0, 1] → M : (x, t) 7→ ϕt(x)
is smooth and ϕ0 = IdM . Consider a foliation F on M . A foliated isotopy of
(M,F) is an isotopy ϕt ofM that preserves the foliation F , that is, (ϕt)∗(TF) =
TF for all t in [0, 1]. Finally, two sets A and A′, with A′ ⊂ A are said to be
isotopic (respectively foliated isotopic) if for every neighborhood U of A′, there
exists an isotopy (respectively a foliated isotopy) ϕUt of M such that
- ϕUt is stationary near A
′,
- ϕUt (A) ⊂ A for all t,
- ϕU1 (A) ⊂ U .
Definition 1.6 (Invariant relations.) Let π : E →M be a locally trivial fibra-
tion. An isotopy ϕt of M is said to operate on local sections of E if we are
given an isotopy ϕt of E covering ϕt (i.e. π◦ϕt = ϕt◦π) satisfying the following
property :
if ϕt coincides with ϕt0 on an open subset U for all t ≥ t0, then ϕt
coincides with ϕt0 on π
−1(U) for all t ≥ t0.
In this situation, if f : U → E|U is a local section of E defined on some
open subset U of M , then ϕt · f = ϕ
−1
t ◦ f ◦ ϕt is a local section of E defined
on ϕ−1t (U). This operation on local sections induces an operation on E
k as
follows : ϕt · (jkf(x)) = jk(ϕt · f)(ϕ
−1
t (x)).
Definition 1.7 The differential relation Ω ⊂ Ek is said to be invariant under
the isotopy ϕt if ϕt operates on local sections of E, and if Ω is invariant under
the induced operation on Ek (i.e. ϕt · Ω = Ω). The relation Ω is said to be
invariant (respectively foliated invariant) if it is invariant under all isotopies of
M (respectively all foliated isotopies of (M,F)).
1.3 Local h-principle, h-principle for extensions
Definition 1.8 (The local parametric h-principle.) A differential relation is
said to satisfy the local parametric h-principle if it satisfies the parametric h-
principle near any point.
Proposition 1.9 ([10] B2 p. 37) Any open differential relation satisfies the
local parametric h-principle.
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Definition 1.10 (The parametric h-principle for extensions.) Let (A,A′) be a
nested pair of compact subsets of M . A differential relation Ω defined on M is
said to satisfy the parametric h-principle for extensions of solutions form A′ to
A, or on the pair (A,A′), if any family fs of sections of Ω defined near A and
holonomic near A′ is homotopic to a family of holonomic sections, through a
homotopy that is stationary near A′. Moreover, if the sections fs are already
holonomic near A for s in S′, then the homotopy may be chosen to be stationary
near A for s in S′.
Lemma 1.11 ([10]) Let Ω be a differential relation on the manifold M , and
let (A,A′) be a nested pair of isotopic compact subsets of M . If Ω is invariant
under all isotopies ϕUt , where U runs through the set of neighborhoods of A
′,
then the parametric h-principle for extensions holds on the pair (A,A′).
Proposition 1.12 ([10] (A′) p. 40) Let Ω be a differential relation onM , and
let M = ∪i≥0Ki be an exhaustion of M by compact subsets (i.e. Ki ⊂ Ki+1 and
M = ∪i≥0Ki). Suppose that Ω satisfies the parametric h-principle on K0, as
well as the parametric h-principle for extensions on all pairs (Ki+1,Ki). Then
Ω satisfies the h-principle on M .
Consider an open differential relation Ω on a manifold M endowed with a
foliation F .
Theorem 1.13 ([10] (B1) p. 41, (C1) p. 42, (C
′
3) p. 43) Let (A,A
′) be a ne-
sted pair of compact subsets ofM such that the compact C = A−A′ is contained
in an embedded submanifold M0 of M , of codimension at least one. If the rela-
tion Ω is invariant, then it satisfies the h-principle for extensions on (A,A′). If
the relation Ω is only foliated invariant, but the submanifold M0 intersects the
foliation F transversely, then Ω satisfies the h-principle for extensions on (A,A′)
as well.
Remark 1.14 The hypothesis of the previous theorem can be weakened (with-
out affecting the conclusion) as follows : C consists of a finite union of compact
sets, each contained in an embedded submanifold of codimension at least one
(transverse to F) (cf. [10] (A′) p. 40).
2 Outline of the proof
We begin this section with a rough outline of the proof of Theorem 0.1. Let
Ω ⊂ Ek be an open, invariant differential relation on a manifold M . Fixing
a section g of Ω, the procedure to deform g into a holonomic section of Ω
is sketched below (the case of a family of sections is treated similarly). The
hypotheses on Ω imply the following two facts.
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(1) Since the relation Ω is open, it satisfies the local parametric h-principle
(cf. Proposition 1.9). Thus, for any given point x in M , the section β can
be deformed into a holonomic sections on a sufficiently small neighborhood
of x.
(2) Since Ω is invariant, it satisfies the h-principle for extensions on any pair
(A,A′) of isotopic compact subsets (cf. Lemma 1.11). Thus, if β can be
deformed into a holonomic section near A′, it can also be deformed into a
holonomic section near A.
Starting from a holonomic section ω of Ω defined on a neighborhood U of
a point x and homotopic to β|U , one tries to extend ω as far as possible. It
can certainly be extended to any “large” open ball containing x (cf. (2)). But
when trying to go further, one has to understand how to deal with the topology
of M . A good grasp on the latter is provided by a proper, positive, Morse
function on M , that is, a proper map f :M → [0,∞) whose singular points are
nondegenerate and lie on distinct levels. The term proper indicates that for any
pair a < b of real numbers, the set f−1([a, b]) is compact.
Let a < b be two noncritical values of f , and let ω be a holonomic section
of Ω, defined on a neighborhood of f−1([0, a]) and homotopic to β. Provided
[a, b] does not contain any critical value of f , the set f−1([0, b]) is isotopic
to f−1([0, a]) ([16]). The holonomic section ω can therefore be extended to
a neighborhood of f−1([0, b]) (cf. (2)). If [a, b] contains a critical value of f
corresponding to a critical point x, the set f−1([0, b]) is obtained from f−1([0, a])
by gluing a closed disk Dk along its boundary, in the sense that f−1([0, b]) is
isotopic to f−1([0, a])∪∂DkD
k ([16]). The dimension k of the disk coincides with
the number of negative eigenvalues of the Hessian of f at x. Thus, to extend ω
through x, one needs to be able to extend a holonomic section of Ω, homotopic
to β, defined on a neighborhood of the boundary of an embedded disk Dk, to
a holonomic section of Ω, homotopic to β, defined on a neighborhood of the
entire disk. (In other words, one needs the relation Ω to satisfy the parametric
h-principle for extensions on the pair (Dk, ∂Dk)). This can be done as long
as k < dimM (cf. Theorem 1.13), and constitutes the key step of the proof of
Theorem 0.1.
The restriction k < dimM explains the dichotomy between closed and open
manifolds. Indeed, if M is open, we may assume that f has no local maxima, or
equivalently, that the disks we glue are never of maximal dimension. Beginning
with a holonomic section ω of Ω defined near f−1(0) and homotopic to β, we
can therefore extend it to f−1([0, b]) for larger and larger values of b, eventually
obtaining a global holonomic section of Ω (cf. Proposition 1.12).
Introducing the gradient ∇f of f with respect to some Riemannian metric,
one observes that its flow yields an isotopy between f−1([0, b]) and f−1([0, a])∪
∂DkD
k. Moreover, the embedded disk Dk may be thought of as the set of
points in f−1([a, b]) lying on trajectories θ(t) “converging” to x, in the sense
that limt→+∞ θ(t) = x. It is useful to adopt this point of view when dealing
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with foliated manifolds.
Consider now the corresponding problem in the foliated case. Let Ω be an
open, foliated invariant differential relation defined on an open foliated manifold
(M,F). Let f :M → [0,∞) satisfy the hypotheses a), b) and c) of Definition 0.3.
We may take advantage of what is already known. In particular, the facts (1)
and (2) are still true here, provided we restrict ourselves to foliated isotopies.
The key step is also valid in this context, provided the embedded disk Dk, does
not only have codimension at least one, but intersects F transversely as well
(cf. Theorem 1.13). The extra difficulties one faces come from the restriction
to foliated isotopies. Indeed, up to foliated isotopy, the passage from f−1([0, b])
to f−1([0, b′]) does not correspond anymore to gluing some disk (nor even some
family of disks). It corresponds instead to gluing the “skeleton” consisting of the
set of bounded trajectories of the leafwise gradient vector field of f associated
to some Riemannian metric g (cf. Definition 4.1 and Lemma 4.5). The skeleton
can be very complicated due to two phenomena :
i) the leafwise critical points of f (Definition 3.2) can be leafwise degenerate
(Remark 3.9),
ii) the leafwise critical points of f are not isolated in M (Remark 3.3).
Problem i) makes it hard to describe the topological structure of the skeleton
already locally, near the foliated singular locus Σf (Definition 3.2). Fortunately,
to apply the key step, we do not need to know the exact topological type of the
skeleton, it suffices to know that it is contained in a finite union of compact
subsets of submanifolds of codimension at least one, intersecting F transversely
(cf. Remark 1.14). When the latter holds in a neighborhood of Σf , the metric g
is said to be nice. The construction of a nice metric is detailed in Section 5. As
it requires the foliated singular locus of f to be stratified according to Thom–
Boardman (Subsection 3.1), the function f will be assumed to be strongly F-
generic (Definition 3.22). As noticed in Remark 3.23, this extra assumption is
not restrictive. The construction of the metric is done by successive extensions
from a neighborhood of one stratum to the next (with respect to some natural
order on the set of strata).
Problem ii), on the other hand, makes it hard to have a grasp on the global
structure of the skeleton due to the presence of trajectories θ(t) for which both
limt→+∞ θ(t) and limt→−∞ θ(t) are in f
−1([a, b]). For such a trajectory, the
structure of the skeleton near limt→−∞ θ(t) is quite complicated, more so that
the stable and unstable manifolds of distinct critical points may not be assumed
to intersect transversely. Fortunately, this difficulty vanishes if we approximate
f by a function whose leafwise critical points are isolated with respect to the leaf
topology (cf. Proposition 3.20), as it allows one to “slice” M sufficiently finely
to (more or less) avoid having trajectories θ(t) for which both limt→+∞ θ(t) and
limt→−∞ θ(t) lie in the same slice (cf. Section 6).
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3 Genericity
This section is organized as follows. The first subsection shows how to adapt
Boardman’s construction of a natural stratification of the singular locus of a
smooth map ([3]) to the foliated case. We use Mather’s description of the
Thom–Boardman stratification [14]. The second subsection shows that gener-
ically, the leafwise critical points of a real-valued function are isolated with
respect to the leaf topology. This is a consequence of a result mentioned in [13]
(6.1 p. 29) and proved along a scheme that appears in [12]. The third subsec-
tion defines (strongly) F -generic functions and exhibits some of their properties.
We begin with recalling the statement of Thom’s transversality theorem which
plays a crucial role throughout this section, and with defining the terms leafwise
critical point and foliated singular locus used in the previous section.
Given two manifoldsM and N , the set C∞(M,N) is endowed hereafter with
the fine (or Whitney) C∞ topology. A subset of a topological space is residual
if it is a countable intersection of dense open subsets. It is a classical result
(e.g. [8]) that a residual subset of C∞(M,N) is dense. Notice that a countable
intersection of residual sets is still residual (while an intersection of dense sets is
not dense in general). A condition on smooth functions f in C∞(M,N) is said
to be generic if it is satisfied by all functions in a residual subset of C∞(M,N).
Recall that a smooth map f :M → P intersects an embedded submanifold W of
P transversely at a point x inM if and only if either f(x) /∈W , or f(x) ∈W and
f∗xTxM + Tf(x)W = Tf(x)P , (1)
and that f intersects W transversely if (1) holds for all x in f−1(W ). In that
situation, the set f−1(W ) is an embedded submanifold of M . If the map f is
the inclusion of a submanifold W ′, we say that the submanifolds W and W ′
intersect transversely. Finally, the set of k-jets of local maps U ⊂ M → N is
denoted by Jk(M,N).
Theorem 3.1 (Thom Transversality Theorem.) Let W be an embedded sub-
manifold of Jk(M,N). The set of smooth maps f whose k-jet extension
jkf :M → Jk(M,N)
is transverse to W is residual in C∞(M,N).
A proof of the previous theorem can be found in [8].
Definition 3.2 Let (M,F) be a foliated manifold, and let f : M → R be a
smooth function.
- A point x at which d(f |Fx) vanishes is called a leafwise critical point of f .
- The foliated singular locus of f (with respect to the foliation F) is the set
of leafwise critical points of f , it is denoted by Σf .
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Remark 3.3 An ordinary critical point of f is of course a leafwise critical point
as well, but leafwise critical points persist in nearby leaves, so that they typically
come in q-parameter families, where q is the codimension of F .
3.1 The Thom-Boardman stratification
Let En denote the set of germs of smooth maps Rn → R at the origin. The
set En is a local ring, whose maximal ideal, denoted by mn, is the set of germs
vanishing at 0. Given an ideal I of the ring En, we use the notation Ik for
the product I · . . . · I of k copies of I. Finally, the symbol Di stands for the
derivation ∂
∂xi
, where x1, . . . , xn are the standard coordinates on R
n.
Definition 3.4 Let I be a finitely generated ideal of En.
i) The rank of I, denoted by rk(I), is the dimension of (I + m2n)/m
2
n as a
real vector space.
ii) The ideal generated by I and the set Γr(I) of r×r minors of the Jacobian
matrix (Difj)1≤i≤n,1≤j≤a, where f1, . . . , fa is a set of generators for I,
is denoted by ∆r(I) and called a Jacobian extension of I. Notice that
the ideal ∆r(I) (unlike the set Γr(I)) does not depend on the choice of
generators for I.
iii) The ideal ∆r+1(I) with r = rk(I) is denoted by δ(I). Notice that when I
is proper, the ideal δ(I) is proper as well.
iv) The Boardman symbol of I is the infinite sequence I(I) = (n − r1, n −
r2, . . . , n− rℓ, . . .), where rℓ = rk(δℓ−1(I)).
Let Jk(n, p) denote the set of k-jets of maps (Rn, 0)→ (Rp, 0) at the origin.
Given a jet z = jkf(0) in Jk(n, p), represented by a map f , consider the ideal
I(z)
def.
= (f) +mk+1n ,
where (f) denotes the ideal generated by the germs of the components f1, . . . , fp
of f at 0. The Boardman symbol of the jet z, denoted by I(z), is defined to be the
Boardman symbol of the ideal I(z) truncated at order k (notice that I(I(z))
is of the type (i1, . . . , ik, 0, . . . , 0, . . .)). Given a sequence I of k nonnegative
integers, let ΣI ⊂ Jk(n, p) denote the set of k-jets whose Boardman symbol
is I.
Proposition 3.5 ([3]) Let I = (i1, . . . , ik). The set Σ
I is nonempty if and
only if n ≥ i1 ≥ i2 ≥ . . . ≥ ik, and either i1 > n − p, or i1 = n − p and
i1 = i2 = . . . = ik. Moreover Σ
I is an embedded submanifold of Jk(n, p) whose
codimension is given by the formula
codΣI = (p− n+ i1)µI − (i1 − i2)µsI − . . .− (ik−1 − ik)µsk−1I , (2)
where sjI denotes the sequence (ij+1, . . . , ik), and where µ(i1,...,iℓ) is the number
of sequences (j1, j2, . . . , jℓ) of integers satisfying
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- j1 ≥ j2 ≥ . . . ≥ jℓ,
- ir ≥ jr ≥ 0 for all r, and j1 > 0.
Given two manifoldsN and P , of respective dimensions n and p, let Jk(N,P )
denote the manifold of k-jets of local functions on N with values in P . The
manifold Jk(N,P ) is a bundle over N × P whose fibers are diffeomorphic to
Jk(n, p), and whose structure group is the product of the group of invertible
jets in Jk(n, n) with the group of invertible jets in Jk(p, p). For any sequence
I = (i1, . . . , ik) of nonnegative integers, let Σ
I ⊂ Jk(N,P ) denote the subset
ΣI =
⋃
(x,y)∈N×P
ΣIx,y ,
where ΣIx,y corresponds to Σ
I under the identification of the fiber of Jk(N,P )
at (x, y) with the manifold Jk(n, p). Since ΣI ⊂ Jk(n, p) is invariant under
the action of the structure group of the bundle π : Jk(N,P ) → N × P , the
set ΣI ⊂ Jk(N,P ) is well-defined. Clearly ΣI is an embedded submanifold of
Jk(N,P ) whose codimension is given by formula (2). Given a smooth function
f : N → P whose k-jet extension intersects ΣI nontrivially and transversely at
xo, let
ΣIf
def.
= jkf−1(ΣI) .
ΣIf is a submanifold of N in a neighborhood of xo, and the following holds.
Proposition 3.6 ([3], Theorem (6.2))
dimKer d(f |
Σ
(i1,...,ik)
f
)(xo) = ℓ ⇐⇒ j
k+1f(xo) ∈ Σ
(i1,...,ik,ℓ) .
Let M be an m-dimensional manifold endowed with a foliation F of dimen-
sion n and codimension q. The inclusion of a leaf F into M gives rise to a
submersion
rF : π
−1(F × R) ⊂ Jk(M,R)→ Jk(F,R) : jkf(x) 7→ jk(f |F )(x) . (3)
For every sequence I = (n = i1, . . . , ik) of integers, let
ΣIF
def.
=
⋃
F∈{leaves of F}
r−1F
(
ΣI
)
.
The set ΣIF is an embedded submanifold of J
k(M,R) whose codimension coin-
cides with that of ΣI in Jk(n, 1). Indeed, given a foliated chart (U,ϕ) centered
at a point x, we have π−1(U × R) ∩ ΣIF ≃ U × R × r
−1(ΣI), where r is the
submersion Jk(m, 1)→ Jk(n, 1) : jkf(0) 7→ jk(f |Rn×{0})(0).
Definition 3.7 In C∞(M) endowed with the fine C∞ topology, let A denote the
set of functions whose k-jet extension is transverse to ΣIF for all I = (i1, . . . , ik)
and all k = 1, 2, . . . .
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By Thom’s Transversality Theorem, this set is residual. Now given f in A
and any sequence I of length k, the set ΣIF ,f = (j
kf)−1(ΣIF ) is an embedded
submanifold whose codimension equals that of ΣIF in J
k(M,R); it is called a
Boardman stratum. There are only finitely many nonempty Boardman strata,
provided we ignore sequences ending with more than one zero. The last assertion
follows from the observation that if ik+1 > 0, the codimension of Σ
(I,ik+1) in
Jk+1(n, p) is strictly larger than that of ΣI in Jk(n, p) (cf. [3] p. 47).
The following result is a consequence of Proposition 3.6.
Proposition 3.8 Let f be an element of A and let xo be a point in Σ
(i1,...,ik)
F ,f .
Then
dim
(
TxoF ∩ TxoΣ
(i1,...,ik)
F ,f
)
= ℓ ⇐⇒ jk+1f(xo) ∈ Σ
(i1,...,ik,ℓ)
F (4)
Proof. Since the problem is local, we may assume that M is diffeomorphic
to a product F × V , with F = Rn, V = Rq, and where F corresponds to the
“horizontal” foliation of F ×V (whose leaves are the F ×{v}’s). Let u1, . . . , un
and v1, . . . , vq denote the standard coordinates in F and V respectively. To the
smooth function f : M → R, we associate a smooth map f˜ : M → R × V by
setting f˜(x) = (f(x), p(x)), where p denotes the natural projection F ×V → V .
The proof of Proposition 3.8 relies on the following three statements. Let x be
any point in M , and let k be any positive integer, then
a) jkf(x) ∈ ΣIF ⊂ J
k(M,R) if and only if jkf˜(x) ∈ ΣI ⊂ Jk(M,R× V );
b) jkf intersects ΣIF transversely at x if and only if j
kf˜ intersects ΣI trans-
versely at x;
c) if x belongs to ΣIF ,f , then TxF ∩ TxΣ
I
F ,f = Kerd(f˜ |ΣI
F,f
)(x).
Assuming these statements proved, we conclude the proof of Proposition 3.8 as
follows. Statements a) and b), combined with Proposition 3.6 imply that
dimKer d(f˜ |ΣI
F,f
)(xo) = ℓ ⇐⇒ j
k+1f(xo) ∈ Σ
(i1,...,ik,ℓ)
F . (5)
Statement c) implies that (5) is equivalent to (4).
Proof of a). Consider the map
Jk(M,R× V )
p1×p2
−→ Jk(M,R)× Jk(M,V )
jkg(x) 7→
(
jkg1(x), j
kg2(x)
)
,
where g is a map M → R × V , whose components are g1 : M → R and
g2 : M → V . Let P ⊂ Jk(M,V ) be the image of the jet extension jkp, and let
P˜ = p−12 (P). It is sufficient to prove that in J
k(M,R× V ),
P˜ ∩ ΣI = P˜ ∩ p−11 (Σ
I
F ) . (6)
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Let z = (z1, z2) = (j
kf(x), jkp(x)) = jkf˜(x) be an element in P˜ . We assume
for convenience that x = 0. Let z˜1 denote j
k(f |F×{0})(x). We will prove, by
induction on 0 ≤ ℓ ≤ k, that in Em,
δℓ(I(z)) = (v) + δℓ(I(z˜1)) , (7)
where (v) denotes the ideal generated by the germs of the functions v1, . . . , vq,
and where δℓ(I(z˜1)) is thought of as being an ideal of Em. This will imply that
rk δℓ(I(z)) = q + rk δℓ(I(z˜1)) for all 0 ≤ ℓ ≤ k, hence that z1 lies in ΣIF if and
only if z lies in ΣI , which is the content of (6).
Observe that (7) clearly holds when ℓ = 0. Indeed, in a neighborhood of 0
in M , the function f can be written as
f(u, v) = f(u, 0) +
q∑
i=1
vihi(u, v)
for some smooth functions hi. Then suppose that (7) holds for some ℓ ≥
0. The ideal δℓ+1(I(z)) is generated by δℓ(I(z)) and the set Γr+1δℓ(I(z))
of (r + 1) × (r + 1) minors of the Jacobian matrix (Difj)1≤i≤m,1≤j≤a, where
r = rk δℓ(I(z)), and where f1, . . . , fa is a set of generators for δℓ(I(z)). Since
we may assume that f1 = v1, . . . , fq = vq and that fq+1, . . . , fa are generators
of δℓ(I(z˜1)), the set Γr+1δℓ(I(z)) is also the set of (r−q+1)×(r−q+1) minors
of (Difj)1≤i≤n,q+1≤j≤a. Since the latter set coincides with Γr−q+1δ
ℓ(I(z˜1)), we
have
δℓ+1(I(z)) = (v) + δℓ(I(z˜1)) + Γr−q+1δ
ℓ(I(z˜1)) = (v) + δ
ℓ+1(I(z˜1)) .
Proof of b). Suppose that jkf(x) ∈ ΣIF . Observe that the identity (6) implies
that jkf intersects ΣIF transversely at x if and only if
TzP˜ = TzP˜ ∩ Tz
(
p−11 Σ
I
F
)
+ (jkf˜)∗x(TxM)
= Tz
(
P˜ ∩ p−11 Σ
I
F
)
+ (jk f˜)∗x(TxM)
= Tz
(
P˜ ∩ ΣI
)
+ (jkf˜)∗x(TxM) ,
where z = jkf˜(x) = (jkf(x), jkp(x)) = (z1, z2). So, in order to prove b), we
need to show that ΣI and P˜ intersect transversely at z, or equivalently that
Tz2P + (p2)∗z (TzΣ
I) = Tz2J
k(M,V ) .
Since Jk(M,V ) ≃ M × V × Jk(m, q), and since P is transverse to {x} × V ×
Jk(m, q), it is sufficient to prove that Tp(x)V and Tz2J
k(m, q) are contained in
(p2)∗z (TzΣ
I).
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Observe that if ϕtX denotes the local flow of a vector field X defined on M ,
vanishing at x, then jk(f˜ ◦ ϕtX)(x) belongs to Σ
I for all t. Hence
ξX
def.
=
d
(
jk(f˜ ◦ ϕtX)(x)
)
dt
(0) ∈ TzΣ
I .
Moreover, the set of vectors (p2)∗z(ξX), as X varies among vector fields vanish-
ing at x, coincides with Tz2J
k(m, q). So it remains to prove that Tp(x)V is con-
tained in (p2)∗z (TzΣ
I) as well. This is easily seen once we notice that TzΣ
I con-
tains Tf˜(x)(R×V ), and hence that (p2)∗z(TzΣ
I) contains (p2)∗z (Tf˜(x)(R×V )) =
Tp(x)V .
Proof of c). From a) we know that ΣIF ,f = Σ
I
f˜
. Besides, if x lies in ΣIF ,f ,
then
Ker d(f˜ |ΣI
f˜
)(x) = Kerdf˜(x) ∩ TxΣIf˜
= TxF ∩ TxΣIf˜ .
Let f be an element of A. We would like to interpret the first few ΣIF ,f ’s.
Before doing so, we introduce the foliated second differential of f (with respect
to the foliation F), that is, the map
d2f : TΣF ⊕ TΣF → R : (X,Y )→ Y (X˜(f)) , (8)
where X˜ is any local section of TF extending X . As in the nonfoliated case, it
is easily checked that d2f is well-defined and symmetric.
- Σ
(n)
F ,f = Σf is the foliated singular locus of f (according to Definition 3.2).
- Σ
(n,0)
F ,f is the set of leafwise nondegenerate critical points, i.e. the set of
leafwise critical points x for which d2f(x) : TxF ⊕ TxF → R is nondegen-
erate.
- Σ
(n,i)
F ,f is the set of leafwise critical points x for which d
2f(x) has rank n−i.
- In general, as implied by Proposition 3.8, Σ
(i1,...,ik)
F ,f is the set of points x
in Σ
(i1,...,ik−1)
F ,f where TxF ∩ TxΣ
(i1,...,ik−1)
F ,f = ik.
Observe that M is partitioned into the embedded submanifolds ΣIF ,f , where
I = (i1, . . . , ik, 0) and ik 6= 0. They intersect F transversely, in the sense that
TxΣ
I
F ,f ∩TxF = {0} for all x in Σ
I
F ,f . Finally, the submanifold Σ
I
F ,f is of course
not closed in general. In fact,
Σ
(i1,...,ik)
F ,f ⊂
⋃
(j1,...,jℓ)≥(i1,...,ik)
Σ
(j1,...,jℓ)
F ,f ,
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where the symbol ≥ refers to the lexicographical order on the set of tuples of
nonnegative integers.
Remark 3.9 A foliated manifold does not generally admit functions with no
leafwise degenerate critical points. Indeed, for codimension one foliations, the
foliated singular locus of such a function is a (not necessarily connected) closed
transversal intersecting every compact leaf. The Reeb foliation on S3, for ex-
ample (cf. [4] p. 93), has no closed transversals intersecting the torus leaf (cf. [4]
p. 147).
3.2 Isolatedness of leafwise critical points
We will need (cf. Observation 6.2) to approximate an F -generic function by
one whose leafwise critical points are isolated with respect to the leaf topology.
The purpose of this subsection is to prove that the latter property is generic
(cf. Proposition 3.20).
Recall that En andmn denote the ring of germs of maps Rn → R at the origin
and its maximal ideal respectively. The set of k-jets of maps (Rn, 0) → (R, 0)
at the origin is denoted by Jk(n). For ℓ > k, the natural map Jℓ(n)→ Jk(n) :
jℓf(0) → jkf(0) is denoted by πℓk. As before, x1, . . . , xn are the standard
coordinates on Rn.
Definition 3.10 The Jacobian ideal of an element f ∈ m2n, denoted by J (f),
is the ideal of En generated by the partial derivatives
∂f
∂x1
, . . . , ∂f
∂xn
of f . We say
that f has codimension k if cod (J (f)) = dimR (mn/J (f)) = k.
We will think of a singular element z = jkf(0) of Jk(n) (i.e. df(0) = 0) as a
polynomial function on Rn, and define its Jacobian ideal and codimension ac-
cordingly.
The following is a consequence of Nakayama’s lemma. A proof can be found in
[12] (Appendix A.2., Proposition 2.2.).
Lemma 3.11 If f − f(0) ∈ m2n has finite codimension, then 0 is an isolated
singularity of f .
Definition 3.12 Two germs f and g in En are said to be equivalent if there
exists a germ φ of local diffeomorphism (Rn, 0) → (Rn, 0) of Rn at the origin
for which f = g ◦ φ.
Observe that equivalent germs have same codimension.
Definition 3.13 A germ f ∈ En is k-determined if for any element g in mk+1n ,
the germ f + g is equivalent to f .
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Theorem 3.14 ([15]) If the codimension of f ∈ En is k, then f is (k + 2)-
determined.
Consider in Jk(n) the set Zk consisting of singular k-jets having codimension
strictly larger than k − 2.
Proposition 3.15 The set Zk is a real algebraic subset of the Euclidean space
Jk(n).
Before proving Proposition 3.15, let us mention some facts about real alge-
braic sets. Recall that a real algebraic subset of a Euclidean space Rp is the
zero locus of a collection of polynomial functions defined on Rp. Such a set is
a variety when it is irreducible, that is, when it cannot be decomposed into the
union of two proper real algebraic sets. A real algebraic subset S of Rp can be
written uniquely (up to reordering the factors) as a finite union
S = V1 ∪ . . . ∪ Vn
of varieties, where no factor Vi is contained in a factor Vj with i 6= j. Such a
decomposition is said to beminimal. Real algebraic sets can also be decomposed
into smooth submanifolds :
Theorem 3.16 ([20]) Any real algebraic subset of Rp can be decomposed into
a finite union of disjoint embedded submanifolds of Rp.
The dimension of S is defined to be the maximum dimension of the factors.
The following result will be crucial later on (cf. proof of Proposition 3.19).
Theorem 3.17 ([20]) A proper subvariety of a variety has strictly smaller di-
mension.
Proof of Proposition 3.15. This type of argument is quite standard (see [12]).
Let f ∈ Jk(n) be a singular jet. First observe that cod (J (f)) > k − 2 if and
only if cod (J (f)+mkn) > k− 2. Indeed, suppose that cod (J (f)+m
k
n) ≤ k− 2.
Then, in the following nested sequence of spaces
mn ⊃ J (f) +m
2
n ⊃ J (f) +m
3
n ⊃ . . . ⊃ J (f) +m
k
n ,
equality must occur somewhere, that is, J (f) + mrn = J (f) + m
r+1
n for some
r ≤ k − 1. This implies that mrn ⊂ J (f) + m
r+1
n . Hence m
k
n ⊂ m
r
n ⊂ J (f)
(cf. [13] Proposition 4. p. 3). Therefore cod (J (f)) = cod (J (f) +mkn) ≤ k − 2.
The other implication is obvious.
Now cod (J (f) +mkn) > k − 2 is equivalent to
dim (J (f) +mkn)/m
k
n < dim (mn/m
k
n)− (k − 2)
def.
= N .
The vector space (J (f) +mkn)/m
k
n is generated by elements of the type x
α ∂f
∂xi
,
where α is a multi-index with |α| ≤ k − 2. Therefore, its dimension is less
than N when the rank of a certain matrix M , whose coefficients are linear
functions of the coefficients of the polynomial function f , is bounded by N − 1;
or equivalently, when all minors of M of size N and larger vanish.
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The combination of Theorem 3.15 and Theorem 3.16 implies that
Zk =M1
∐
. . .
∐
Mr ,
where each Mi is an embedded submanifold of J
k(n).
Proposition 3.18 For all ℓ > k, the real algebraic set Zℓ is a subset of the real
algebraic set (πℓk)
−1(Zk).
Proof. Let f be an ℓ-jet whose truncation πℓk(f) does not belong to Z
k, that
is, cod (J (πℓk(f))) ≤ k− 2. Theorem 3.14 implies that f is equivalent to π
ℓ
k(f).
Hence cod (J (f)) ≤ k − 2 as well. Thus f lies outside Zℓ.
Proposition 3.19 The codimension ck of Z
k in Jk(n) is an unbounded func-
tion of k.
Proof. Consider the homogeneous polynomial r = xk+11 + . . . + x
k+1
n of
degree k + 1. The Jacobian ideal of r coincides with (xk1 , . . . , x
k
n), and contains
m
n(k−1)+1
n . Thus
cod (r) ≤ cod (mn(k−1)+1n )
def.
= ak .
Let p be any polynomial of degree k. The codimension of p+ r is bounded by
the codimension of r (cf. [12] A.2., Theorem 2.7). Thus cod (p+ r) ≤ ak for all
p ∈ Jk(n). Let ℓ = ak + 2. We have just shown that for all p ∈ Zk, the set
(πℓk)
−1(p) is not entirely contained in Zℓ.
Now, let Zk = V k1 ∪ . . . ∪ V
k
nk
be the minimal decomposition of Zk into
varieties. Let (πℓk)
−1(V kj ) be denoted by Wj . The real algebraic set Wj is
irreducible as well. Because Zℓ = V ℓ1 ∪ . . . ∪ V
ℓ
nℓ
⊂ (πℓk)
−1(Zk), the set V ℓi
coincides with (V ℓi ∩W1)∪ . . .∪ (V
ℓ
i ∩Wnk). Since V
ℓ
i is irreducible, there exists
an index ji such that V
ℓ
i = V
ℓ
i ∩Wji . The previous paragraph implies that V
ℓ
i
is a proper subset of Wji . Hence, the codimension of V
ℓ
i is strictly larger than
that of Wji (Theorem 3.17). Thus, the codimension of Z
ℓ in Jℓ(n) is strictly
larger than that of (πℓk)
−1(Zk), that is codZℓ > codZk.
Proposition 3.20 Let M be a manifold endowed with a foliation F . For f in
a residual subset B of C∞(M), and for any leaf F of F , the critical points of
f |F are isolated in F .
Proof. Given a leaf F of the foliation F , define Zk(F ) ⊂ Jk(F,R) to be
Zk(F ) =
⋃
(x,y)∈F×R
Zk(F )(x,y) ,
where Zk(F )(x,y) corresponds to Z
k under the identification of the fiber at (x, y)
of the bundle Jk(F,R) → F × R with Jk(n). Then, define Zk(F) ⊂ Jk(M,R)
to be :
Zk(F) =
⋃
F∈{leaves of F}
r−1F (Z
k(F )) ,
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where rF is defined by the expression (3). Locally, the set Z
k(F) is the union of
finitely many embedded submanifolds of Jk(M,R) having codimension at least
ck. Hence, Thom’s Transversality Theorem implies that, provided k is large
enough for ck > dimM , the set B of smooth real-valued functions on M whose
k-jet does not meet Zk(F) is residual in C∞(M) with respect to the fine C∞
topology. Let f be such a function. For any leafwise singularity x of f , the
jet jk(f |Fx)(x) has codimension k − 2 at most. Thus, the germ of f |Fx at x
is equivalent to jk(f |Fx)(x), and has finite codimension as well. Lemma 3.11
implies that the singularities of f |Fx are isolated in Fx.
3.3 F-generic functions
Let M be an m-dimensional manifold carrying a foliation F of dimension n and
codimension q.
Definition 3.21 (F-genericity.) A smooth real-valued function f on M is said
to be F -generic if j1f intersects Σ
(n)
F transversely and j
2f intersects Σ
(i1,i2)
F
transversely for all pairs (i1, i2).
Definition 3.22 (Strong F-genericity). A smooth real-valued function on M
is said to be strongly F -generic if
i) the critical points of f are nondegenerate and leafwise nondegenerate;
ii) for every sequence I of any length k, the map jkf intersects ΣIF trans-
versely;
iii) the leafwise critical points of f are isolated with respect to the leaf topology.
Here as well, it is a consequence of Thom’s Transversality Theorem that
the set of (strongly) F -generic functions is residual in C∞(M) for the fine C∞
topology. Indeed, the set of functions whose singularities are nondegenerate is
a residual set (cf. [16]), as is the set of functions satisfying ii) (introduced in
Definition 3.7), and the set of functions satisfying iii) (containing the set B
introduced in Proposition 3.20). So the only thing that remains to be proven is
that generically, critical points of f are leafwise nondegenerate. Introduce the
following subsets of J2(M,R)
W ℓ
def.
= Σ(m,0) ∩ Σ
(n,ℓ)
F 1 ≤ ℓ ≤ n .
One easily proves that the W ℓ’s are embedded submanifolds of J2(M,R) of
codimension strictly larger than m. Hence, the set of functions whose second
jet does not meet any W ℓ is residual. By construction, the critical points of
those functions are leafwise nondegenerate.
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Remark 3.23 Reflecting on Definition 0.3, one might think that c) is super-
fluous. Indeed, the set of strongly F -generic functions is dense in C∞(M), and
we can therefore approximate in the fine C∞ topology any given function by a
strongly F -generic one. The problem is that one usually creates leafwise local
maxima in the process. It is not clear, although quite plausible, that a func-
tion f with no leafwise local maxima always admits a nearby strongly F -generic
function with no leafwise local maxima. However, if f is already F -generic, then
any sufficiently (C∞-) nearby strongly F -generic function will not have leafwise
local maxima either.
The proof of the next lemma is very similar to that of the corresponding
result in the single-leaf case (cf. [16] for example). Nevertheless, we include the
proof for the sake of completeness.
Lemma 3.24 Let f : M → R be a smooth function, and let x be a point in
M for which j2f(x) ∈ Σ
(n,n−r)
F . Then there exists a chart centered at x and
adapted to F , with local coordinates x1, . . . , xm, with respect to which f has the
following expression
f(x1, . . . xm) = ±x
2
1 ± . . .± x
2
r + f(0, . . . , 0, xr+1, . . . , xm) , (9)
Proof. Consider local coordinates x1, . . . , xm centered at x for which F is
defined near x by the equations xn+1 = cn+1, . . . , xm = cm, where c1, . . . , cm
are constants . Since j2f(x) ∈ Σ
(n,n−r)
F , the function f |Fx is singular at x, and
we may assume (after eventually performing a linear change of the coordinates
x1, . . . , xn) that (
∂2f
∂xi∂xj
(0)
)
1≤i,j≤r
=
(
Id 0
0 −Ir−d
)
.
One deduces from the implicit function theorem that there exists a neighborhood
U of 0 in Rm−r, a neighborhood U ′ of 0 in Rr, and a function α : (U, 0)→ (U ′, 0)
such that, for every i = 1, . . . , r, and for x in U ′ × U , one has
∂f
∂xi
(x1, . . . , xm) = 0 if and only if (x1, . . . , xr) = α(xr+1, . . . , xm) .
Use α to define new coordinates near x as follows :{
x′i = xi − αi(xr+1, . . . , xm) for 1 ≤ i ≤ r
x′j = xj for j > r .
Now
∂f
∂x′i
(0, . . . , 0, x′r+1, . . . , x
′
m) = 0 for 1 ≤ i ≤ r .
The primes are omitted hereafter. A classical argument (cf. [16] Lemma 2.1.)
shows that in a convex neighborhood of 0, one has
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f(x1, . . . , xm) = f(0, . . . , 0, xr+1, . . . , xm) +
∑
1≤i≤j≤r
xixjfij(x1, . . . , xm) . (10)
Consider the coordinates x′1, . . . , x
′
m defined near x by

x′1 = x1
√
|f11(x)|+
1
2
r∑
i=2
xi
f1i(x)√
|f11(x)|
x′i = xi for i ≥ 2 .
With respect to these coordinates, f can be written as (10), where f11(x) = 1,
where f1i(x) = 0, and where fij(0) remains unchanged. We repeat this process,
modifying successively x2, . . . , xr, until the expression (9) is achieved. Observe
that every change of coordinates that has been made preserves F since it leaves
the coordinates xn+1, . . . , xm untouched.
Proposition 3.25 Let f : M → R be an F-generic function without leafwise
local maxima, and let x be in Σ
(n,n−r)
F ,f . Then, for any system of coordinates
centered at x satisfying the conclusion of the previous lemma, the quadratic
form Q(x1, . . . , xr) = ±x21 ± . . . ± x
2
r occurring in expression (9) must have at
least one positive sign.
Proof. Suppose on the contrary that either Q = 0 or Q is negative definite.
We claim that, if so, any neighborhood of x contains leafwise local maxima of
f , contradicting the assumption.
Let x ∈M , and let (U,ϕ) be a chart at x, adapted to F , with local coordi-
nates x1, . . . , xm, with respect to which f is expressed by (9). The chart (U,ϕ)
induces a chart (U˜ , ϕ˜) on J2(M,R) :
ϕ˜ : U˜ = (π2)−1(U) → ϕ(U)× R× Rm × Sm
p = j2g(x) 7→ (ϕ(x), g(x), Lp, Sp) ,
where π2 denotes the natural projection J2(M,R)→M , and where Sm denotes
the set of symmetric m×m matrices with real coefficients. The symbol Lp (re-
spectively Sp) stands for the Jacobian (respectively Hessian) matrix of g ◦ ϕ
−1
at ϕ(x).
It is convenient to decompose a symmetric n × n matrix S into blocks as
follows :
S =
(
A B
Bt D
)
,
where A and D are r × r and (n− r)× (n− r) symmetric matrices, and where
B is some r× (n− r) matrix. If A is nonsingular, then S has rank r if and only
if the matrix e(S) = −BtA−1B+D vanishes. Define U to be the neighborhood
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of j2f(x) in U˜ consisting of jets of local maps whose Hessian has a nonsingular
upper left r × r block. Thus
Σ
(n,n−r)
F ,f ∩ U = (ρ ◦ ϕ˜)
−1(0) ,
where ρ denotes the submersion :
ρ = ρ1 × ρ2 : ϕ˜(U) → Rn × Sn−r
(x, t, L, S) 7→ (p(L), e(q(S))) ,
and where p : Rn × Rm−n → Rn (respectively q : Sm → Sn) is the natural
projection. Since j2f (respectively j1f) intersects Σ
(n,n−r)
F (respectively Σf )
transversely at x, the maps ρ ◦ ϕ˜ ◦ j2f and ρ1 ◦ ϕ˜ ◦ j2f are submersions near x.
Moreover (ρ1 ◦ ϕ˜ ◦ j2f)∗x(TxΣf ) = 0, and thus
ρ2 ◦ ϕ˜ ◦ j2f |Σf∩U : Σf ∩ U → S
n−r
is a submersion near x as well. This implies in particular that for ε sufficiently
small, there exists a xo in Σf ∩ U such that ρ2 ◦ ϕ˜ ◦ j2f(xo) = −εIn−r. Then
d2f(xo) = −Id is negative definite. Thus f achieves a leafwise local maximum
at xo.
Remark 3.26 The assumption that f is F -generic and has no leafwise local
maxima prevents f from having totally degenerate singularities (singularities at
which the foliated second differential of f vanishes).
4 Leafwise gradient vector fields
Let (M,F) be a foliated manifold, let f be a positive, proper, strongly F -generic
function on (M,F) (Definition 3.22), and let g be a Riemannian metric on M .
Definition 4.1 The leafwise gradient vector field of f associated to the metric
g, denoted by ∇Ff , is the orthogonal projection onto TF of the (ordinary) gra-
dient vector field of f . Equivalently, ∇Ff is the section of TF whose restriction
to each leaf F is the gradient of f |F associated to the metric g|F .
The local flow of ∇Ff is denoted by ϕt. The orbit of a point x under the flow
ϕt is denoted by θx. If S is some subset of R, the portion {ϕt(x); t ∈ S} of θx is
denoted by ϕS(x). Finally, the negative (respectively positive) limit set of the
orbit θx is denoted by L−x (respectively L
+
x ), i.e.
L−x =
∞⋂
n=0
ϕ(−∞,−n)(x) and L+x =
∞⋂
n=0
ϕ(n,∞)(x) .
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Lemma 4.2
i) The set of points where ∇Ff vanishes coincides with Σf . Where ∇Ff
does not vanish, (∇Ff)(f) > 0.
ii) For every x in M , the set L−x reduces to a single point, lying in Σf .
Similarly, the set L+x is either empty if the trajectory of x is unbounded,
or consists also of a single point, lying in Σf as well.
Proof.
i) Both assertions follow from the observation that for any X in TF , we have
Xf = df(X) = g(∇f,X) = g(∇Ff,X) .
ii) Since ϕ(−∞,0](x) is bounded (ϕ(−∞,0](x) ⊂ f−1[0, f(x)]), for any sequence
tk → −∞ of real numbers, the sequence ϕtk(x) has a converging subse-
quence . The set L−x is therefore nonempty. Moreover, because L
−
x is ϕ
t-
invariant and contained in a level set of f (the one at level inf {f(ϕt(x)); t ∈
R}), it must be contained in Σf (since f increases along nonconstant tra-
jectories of ∇Ff).
Observe now that L−x is connected. Indeed, suppose it is not, and let O1
and O2 be disjoint open subsets ofM containing L−x in their union. There
exists a T ≤ 0 for which ϕt(x) ∈ O1 ∪ O2 as soon as t ≤ T . Otherwise
there would be a sequence tk → −∞ for which O1 ∪ O2 does not contain
{ϕtk(x)}, hence not either limk→∞ ϕtk(x). Connectedness of ϕ(−∞,T ](x)
implies that L−x is entirely contained in one of the Oi’s.
To conclude, we need to prove that L−x is contained in the leaf Fx. Sup-
pose not, and let w be an point in L−x that does not belong to Fx. Let also
(U,ϕ) be a chart adapted to F centered at w with ϕ(U) = [0, 1]n× [0, 1]q.
Denote by Pa the plaque ϕ
−1([0, 1]n×{a}). Since f is strongly F -generic,
its leafwise critical points are isolated for the leaf topology. We may
therefore assume that w is the only point in Σf that lies in P0. Because w
belongs to L−x −Fx, there is a sequence ak converging to 0 such that each
plaque Pak contains a segment ϕ
[tk,sk](x) of θx that meets the boundary
of Pak along its endpoints (i.e. ϕ
tk(x) and ϕsk(x) are in ∂Pak). We may
also assume, without loss of generality, that tk and sk both converge to
−∞. Now the sequence ϕtk(x) has a subsequence that converges to a
point w′ in ∂P0. Since by construction w
′ lies in L−x , it is necessarily a
leafwise critical point of f , contradicting the hypothesis made earlier on U .
We have now all the ingredients needed : L−x is nonempty and connected,
consists of leafwise critical points of f , and is entirely contained in a leaf.
Property iii) of Definition 3.22 implies thus that L−x is a single point. The
same argument proves the second part of statement ii) as well.
23
Definition 4.3 Given x in M , the limit point L−x is denoted by x
−. Similarly,
when θx in bounded, the limit point L+x is denoted by x
+.
Definition 4.4
1. If A is a subset of Σf , we define the stable set of A to be the set W(A) =
{x ∈M ; x+ ∈ A}.
2. If A is a subset of M , the saturation of A is defined to be the set SA =
{x ∈M ; ϕt(x) ∈ A for some t ≥ 0}.
The following lemma will reduce the proof that the h-principle holds on M
to the proof that it holds near the “skeleton” W(Σf ). Let (a, b) be any pair of
real numbers with a < b. The slice f−1([a, b]) is denoted hereafter by M ba, and
the set W(Σf ∩M ba) ∩M
b
a by W
b
a(Σf ).
Lemma 4.5 Given any pair a < b of regular values of f , and given any
neighborhood U of Ma0 ∪ W
b
a(Σf ), the flow of ∇Ff yields a foliated isotopy
ψt :M →M , t ∈ [0, 1], such that
- ψt(M
b
0) ⊂M
b
0 for all t in [0, 1],
- ψ1(M
b
0) ⊂ U ,
- ψt coincides with the identity map on M
a
0 ∪W
b
a(Σf ),
- ψt is stationary for t ≥
1
2 .
Proof. Let U be an open neighborhood of Ma0 ∪ W
b
a(Σf ). As a first step,
we prove existence of a neighborhood N of Σf ∩M ba whose saturation SN is
contained in U . Suppose that such an N does not exist. Consider the neigh-
borhoods Nk of Σf ∩M ba given by Nk = {x ∈ M ; the distance between x and
Σf ∩M ba is less than
1
k
}. Since Σf ∩M ba is compact, Nk is in U for k large
enough. Now, suppose that for every k there exists xk in Nk such that for
some negative tk, the point yk = ϕ
tk(xk) does not belong to U . There exists
subsequences xkl and ykl of xk and yk respectively, converging to points x and
y respectively. The point x lies in Σf ∩M ba, and the point y lies outside U .
Thus the trajectory θy intersects f
−1(b) − Σf nontrivially. Denote by H the
foliation ofM −Σf by the flow lines of ∇Ff . Let K be the portion of θy located
between levels f(y) and level b. Since K is a compact subset of a leaf of H, there
exists a closed neighborhood O of K in M −Σf such that H|O is isomorphic to
a product foliation. For l sufficiently large, ykl is contained in O, and therefore
xkl and x are contained in O as well. This contradicts the hypothesis that O
does not intersect Σf .
Now choose an open neighborhood N of Σf ∩M ba for which SN ⊂ U . Notice
that SN is an open neighborhood of Wba(Σf ). Since f
−1(a) is compact, there
exists a δ > 0 such that f−1([0, a + δ)) ⊂ U . Let U˜ = SN ∪ f−1([0, a + δ)).
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Because f increases along nonconstant trajectories of ∇Ff , there exists, for
every x in M ba, a to ≤ 0 such that ϕ
t(x) ∈ U˜ for all t ≤ to. Moreover, since
M ba is compact, such a to can be chosen that does not depend on x. Hence ϕ
to
shrinks M b0 inside U˜ , but does not coincide with the identity on M
a
0 ∪W
b
a(Σf ).
Multiplying ∇Ff by a smooth function η : M → [0, 1] that equals 0 on M
a
0 ∪
Wba(Σf ) and 1 outside U˜ yields a vector field η∇Ff whose flow provides us
with the desired isotopy. Indeed, let ψt = ϕ
θ(t) to , where θ is a smooth function
[0, 1] → [0, 1] such that θ(0) = 0 and θ(t) = 1 for all t ≥ 12 . The isotopy ψt
satisfies the four required properties.
5 Construction of the metric
Let M be an m-dimensional manifold endowed with a foliation F of dimension
n and codimension q. Supposing the foliated manifold (M,F) open (Defini-
tion 0.3), let f : M → R be a strongly F -generic function (Definition 3.22)
without leafwise local maxima (cf. Remark 3.23). In this section, we carry out
the construction of a Riemannian metric for which the stable set of the foliated
singular locus of f (Definition 3.2 and Definition 4.4) is locally contained in a
finite union of embedded submanifolds, of codimension at least one, transverse
to the foliation F .
A submanifold S of M is said to intersect F transversely if for all s in S,
the quantity dim (TsS + TsF) is maximal, that is, coincides with min{dimS +
dimF , dimM}. Observe that a submanifold S whose dimension is strictly
less that q does never intersect each leaf of F transversely. Nevertheless, it
might intersect the foliation F transversely. Let g be a Riemannian metric
on M . Recall the foliated second differential d2f of f (Subsection 3.1, for-
mula (8)). Because the bilinear map d2f(σ) is symmetric for all σ ∈ Σf , the
identity d2f(σ)(X,Y ) = g(X,AY ) defines a g-self-adjoint map A : TσF → TσF .
The map A can be diagonalized by means of a g-orthogonal basis. We there-
fore have a splitting TσF = V +σ ⊕ V
−
σ ⊕ V
0
σ into positive, negative and null
eigenspaces for A. The space V 0σ is the kernel of d
2f(σ) and is thus intrin-
sically defined (independently of g), unlike the other two. The distributions
V ± : σ ∈ Σf 7→ V ±σ , although not of constant rank, are smooth (unlike the dis-
tribution V 0 : σ ∈ Σf 7→ V 0σ ). Smoothness for such a distribution is defined as
follows : for every σ in Σf there exist local sections X1, . . . , Xd of TM defined
in a neighborhood U of σ in Σf such that
- {X1(σ), . . . , Xd(σ)} is a basis of V ±σ ,
- Xi(σ
′) belongs to V ±σ′ for all σ
′ in U .
Remark 5.1 Consider a sequence I = (i1, . . . , ik−1, ik = 0). The rank of V
0
and hence of V + ⊕ V − is constant on the submanifold ΣIF ,f (cf. Section 3.1).
Moreover, since both V + and V − are smooth distributions, their rank must be
constant on any connected component of ΣIF ,f .
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Definition 5.2 The union of the connected components of ΣIF ,f on which rkV
+
achieves a fixed value d is denoted by ΣId, and called hereafter a stratum of Σf
(provided it is nonempty). We introduce an order on the set of strata as follows :
Σ(j1,...,jℓ)e ≤ Σ
(i1,...,ik)
d ⇐⇒ (n− e, j1, . . . , jℓ) ≥ (n− d, i1, . . . , ik) ,
where ≥ refers to the lexicographical order on tuples of nonnegative integers.
Observe that because ik = 0, a stratum S is an embedded submanifold
(generally neither connected nor closed) that intersects F transversely, in the
sense that TsS∩TsF = {0} for all s in S. Moreover, there are only finitely many
strata, and they partition Σf . Furthermore, the closure of Σ
I
d is contained in the
union of the ΣJe ’s with e ≤ d and J ≥ I (see end of Section 3.1). In particular,
it is contained in the union of the smaller (with respect to the order introduced
in Definition 5.2) strata. Consequently, the union of the l smallest strata is a
closed set.
5.1 Outline of the construction of the metric
The construction is based on the following observation. Let σ be an element of
Σf , and let x1, . . . , xm be local coordinates defined on a neighborhood U of σ
in M with respect to which f has the following expression :
f(x1, . . . xm) = x
2
1 + . . .+ x
2
d + f(0, . . . , 0, xd+1, . . . , xm) ,
with d > 0 (Lemma 3.24 and Proposition 3.25). Let us introduce the following
piece of notation : given an open subset O of M , let
WO(Σf ) = {x ∈ O ; x
+ ∈ Σf ∩O and ϕ
t(x) ∈ O ∀t ≥ 0} ,
where ϕt denotes the flow of the leafwise gradient vector field ∇Ff of f asso-
ciated to the metric g (Definition 4.1), and where x+ = limt→∞ ϕ
t(x) (cf. Def-
inition 4.3). The set WO(Σf ) is the stable set (Definition 4.4) of Σf ∩ O with
respect to (∇Ff)|O. If instead of the metric g, we use the Euclidean metric
with respect to the coordinates x1, . . . , xm to construct ∇Ff , then
WU (Σf ) ⊂ {x1 = 0, . . . , xd = 0} , (11)
and the plane {x1 = 0, . . . , xd = 0} is transverse to F , as needed.
The problem is that it is not clear that a global Riemannian metric g exists
with the property that every point σ in Σf admits local coordinates as above,
with respect to which g is Euclidean (at least along the leaves). Fortunately, we
do not need that much : for the property (11) to hold, it is sufficient to have a
Riemannian metric on U for which the plane {x1 = 0, . . . , xd = 0} is orthogonal
to the planes {xd+1 = cd+1, . . . , xm = cm} (cf. Proposition 5.3). This consti-
tutes the key observation, as it can be globalized, at least to a neighborhood
of a stratum. Subsection 5.2 shows how. Briefly, starting with the (constant
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rank) distribution V + on a stratum S, we construct a foliation G ⊂ F on a
neighborhood N of S such that TSG = V + (the foliation G plays the role of
the planes {xd+1 = cd+1, . . . , xm = cm}). Then, we consider the manifold P of
critical points of f along the leaves of G (the manifold P plays the role of the
plane {x1 = 0, . . . , xd = 0}). It is shown that any metric for which TP is or-
thogonal to TPG has the property thatWN (Σf ) ⊂ P (after eventually reducing
N slightly).
Going from one stratum to the entire Σf is done by induction on the order
of the strata (Subsection 5.3). Basically, to carry out this induction, we need to
construct the foliation G in such a way that it “matches” the foliations already
constructed near smaller order strata, meaning that where two such foliations
coexist, the largest dimensional one contains the other one. The ordering is,
roughly speaking, according to the number of strata that a given stratum con-
tains in its closure. Closed strata are the smallest, strata having only closed
strata in their closure come next, and so forth. This is dictated by the lexi-
cographical ordering of the Boardman symbols, combined with the rank of the
distribution V +. Once a “coherent” set of foliations has been constructed, one
may build a metric for which WN (Σf ) ⊂ P for all strata S (cf. Subsection 5.4).
5.2 The metric near one stratum
Let S be a (neither necessarily connected nor closed) embedded submanifold of
Σf . Suppose that S intersects F transversely, and that the dimension of V + is
constant on S. Typically, S is a stratum of Σf (cf. Definition 5.2). Consider
also exp : O˜ ⊂ TM → M , the exponential map associated to g, defined on a
fiberwise convex neighborhood O˜ of the 0-section in TM . The construction of
the metric near S is divided into the five following steps.
First step. The submanifold S is extended to an embedded submanifold S′ of
M , transverse to F , and of dimension q = codF .
If E = (TS+TSF)⊥, then exp |O˜∩E is an embedding provided O = O˜ ∩E is
sufficiently small. Define S′ = exp(O). Because exp∗ = Id along the 0-section,
the bundle TSS
′ coincides with TS ⊕ E. In particular, the submanifold S′ is
transverse to F along S. We may assume that O has been chosen small enough
for S′ to be transverse to F everywhere.
Second step. Let D be a subbundle of TSF (e.g. D = V + when S is a stra-
tum). We extend D to a subbundle D′ of TS′F .
Let ∇ be a linear connection on TS′F . For every x in S′, there is a natural
path between x and a point xo in S. Indeed, take γx : [0, 1]→ S′ : t 7→ exp(tX),
where exp(X) = x. The connection ∇ and the path γx induce a linear isomor-
phism ix : TxoF → TxF , obtained by parallel translation along γx with respect
to ∇. For x in S′, define D′x to be ix(Dxo).
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Third step. Given an embedded submanifold S′, complementary to F , and
a subbundle D′ of TS′F , we extend D′ to a smooth foliation G, defined on a
tubular neighborhood N of S′, tangent to F .
Consider the map
ξ : U ⊂ TS′F →M : Xs ∈ TsF 7→ τXs(1) ,
where τXs denotes the geodesic for the Riemannian metric g|Fs starting at s and
tangent to Xs (in particular τXs ⊂ Fs), and where U is some fiberwise convex
neighborhood of the 0-section on which ξ is an embedding. The map ξ is called
hereafter the foliated exponential map associated to the metric g. Consider now
the foliation G˜ of U by the traces of the cosets of D′, and the push-forward G of
G˜ via the map ξ. Let N = ξ(U).
Fourth step. Suppose that the foliated second differential d2f of f is positive
definite on D. Let P be the foliated singular locus of f with respect to the foli-
ation G, that is, the set {x ∈ N ; df(TxG) = 0}. Provided the neighborhood N
of S is sufficiently small, the set P is an embedded submanifold of N transverse
to G and closed in N .
Let p : BTG → N be the bundle of basis of TG, and define the map
η : BTG → Rd : {e1, . . . , ed} 7→ (df(e1), . . . , df(ed)) ,
where d is the dimension of G. Since d2f is nondegenerate on D = TSG, the
map η is a submersion near p−1(S). Therefore, the map η is a submersion near
η−1(0), provided N is sufficiently small. The submanifold η−1(0) coincides with
p−1(P ), where P is a closed embedded submanifold of N . To prove that P is
transverse to G, consider a vector X in TpP ∩ TpG, with p in P . Extend X to a
section X˜ of TG defined on a neighborhood U of p in N . On P ∩U , the function
X˜f vanishes, and because X is tangent to P , we have 0 = X(X˜f) = d2f(X,X)
(notice that d2f is indeed well-defined on TPG; it is the foliated second dif-
ferential of f with respect to the foliation G). Since d2f is nondegenerate on
TSG = D, it remains nondegenerate on TPG provided N is sufficiently small.
Thus, the vector field X must vanish.
Fifth step. Let h be a Riemannian metric for which TP is orthogonal to TPG.
Such a metric can be constructed by means of a partition of unity for instance.
The leafwise gradient vector field ∇Ff of f associated to h (Definition 4.1)
satisfies the the following property.
Proposition 5.3 There exists a neighborhood M of N ∩ Σf contained in N
for which
WM(Σf ) ⊂ P .
Proof. First observe that if x belongs to P , then (∇Ff)x belongs to TP (as
implied by the identity h(∇Ff, TxG) = df(x)(TxG) = 0). We will then show
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that for some sufficiently small neighborhood M of N ∩ Σf , no trajectory of
(∇Ff)|M starting outside P ∩M can approach P ∩M ⊃ Σf in forward time.
Since G ⊂ F , and since P is complementary to G, given x in P , there exist
coordinates x1, . . . , xm on a neighborhood U of x such that
i) xn+1 = cn+1, . . . , xm = cm define F|U ,
ii) xd+1 = cd+1, . . . , xm = cm define G|U ,
iii) x1 = 0, . . . , xd = 0 define P ∩ U ,
iv) f(x1, . . . , xm) = x
2
1 + . . .+ x
2
d + f(0, . . . , 0, xd+1, . . . , xm).
The proof of this fact, very similar to that of Lemma 3.24, is omitted.
Let x be an element of P and let (x1, . . . , xm) be nice coordinates defined
on a neighborhood U of x. Let also u =
∑d
i=1 ui
∂
∂xi
be a nonvanishing con-
stant vector field on U tangent to the foliation G. In the next paragraph, a
dot · will denote the Euclidean scalar product with respect to the coordinates
(x1, . . . , xm). We have the following sequence of identities :
∂
∂u
(∇Ff · u)(x) =
d∑
i,j=1
ui
∂
∂xi
(
n∑
k=1
∂f
∂xk
hkjuj
)
(x)
=
d∑
i,j=1
n∑
k=1
uiuj
(
∂2f
∂xi∂xk
(x)hkj(x) +
∂f
∂xk
(x)
∂hkj
∂xi
(x)
)
= 2h(u, u)(x) +
d∑
i,j=1
n∑
k=1
uiuj
∂f
∂xk
(x)
∂hkj
∂xi
(x) ,
where hkj denotes the component k, j of the inverse of the matrix of h|TF×TF .
In particular, if x belongs to P ∩ Σf = N ∩ Σf , we have
∂
∂u
(∇Ff · u)(x) = 2h(u, u)(x) > 0 .
Hence, for all x in P ∩Σf , there exists an open neighborhood Ux of x, endowed
with nice coordinates, such that ∂
∂u
(∇Ff · u) is strictly positive on Ux, for all
nonvanishing constant vector field u tangent to the foliation G. As a conse-
quence, a trajectory θx of ∇Ff for which θx(t) lies in Ux − (P ∩ Ux) for all t
in [to,∞) cannot converge to a point in P ∩ Ux. Indeed, Let w be any point
in Ux − (P ∩ Ux), and let u be a nonvanishing constant vector field parallel to
the line joining w = (x1, . . . , xm) to wo = (0, . . . , 0, xd+1, . . . , xm). Then, since
∂
∂u
(∇Ff ·u)|Ux > 0 and (∇Ff ·u)(wo) = 0, the quantity (∇Ff ·u)(w) is strictly
positive. Supposing w = θx(t) for some t ≥ to, the last assertion implies that
the Euclidean distance between θx(t) and P ∩ Ux grows with t.
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Let {Ui; i ≥ 1} be a locally finite refinement of the covering {Ux;x ∈ P ∩Σf}
of P ∩ Σf . Let M = N ∩ (∪i≥1Ui). Any trajectory of (∇Ff)|M starting in
P∩M remains in P∩M, and no trajectory starting outside P∩M will approach
P ∩M in forward time. Indeed, suppose on the contrary that limt→∞ θx(t) ∈ P ,
for some trajectory θx of (∇Ff)|M. Then, for some to and some i, the point
θx(t) lies in Ui for all t ≥ t0. The discussion in the previous paragraph implies
that θx(t) ∈ P for all t ≥ t0, and hence that θx ⊂ P .
Remark 5.4 The reason for introducingM instead of supposing once more N
small enough is that we need to make sure that the portion of Σf whose stable
set is taken care of (N ∩Σf in the previous proposition) is fixed once G is given.
Conclusion 5.5 Suppose given the following data :
- an embedded submanifold S of Σf intersecting F transversely,
- a subbundle D of TSF restricted to which d2f is positive definite.
We can then construct a foliation G tangent to F , defined on a tubular neigh-
borhood N of S, satisfying the following properties.
i) TSG coincides with D.
ii) The foliated singular locus P of f with respect to the foliation G, is an
embedded submanifold transverse to G (equivalently d2f is positive definite
on TPG). In particular, P as codimension at least one and intersects F
transversely.
iii) Let h be a Riemannian metric on N for which TP is perpendicular to
TPG. Then there exists a neighborhood M of N ∩ Σf contained in N
such that the leafwise gradient vector field of f associated to h satisfies
the property that WM(Σf ) ⊂ P .
5.3 Construction of a complete system of foliations
As explained in the beginning of Section 5, the construction of a suitable Rie-
mannian metric goes by defining a collection of foliations, one near each stratum,
in a compatible way. The word compatible means that where two such foliations
coexist, the one whose dimension is largest contains the other one. This con-
struction is the subject of the present subsection.
Definition 5.6 Consider a collection of strata S1, . . . , Sl satisfying the property
that for all k, the set Sk ∪ . . . ∪ Sl is closed in M . A system of foliations on
∪lk=1Sk is a collection {Gk; k = 1, . . . , l} of foliations, where Gk is defined on a
tubular neighborhood N k of an open subset Ok = N k ∩ Sk of Sk. Moreover, the
following properties are required to hold :
a) For all 1 ≤ k ≤ l, Sk ⊂ N k ∪ . . . ∪ N l.
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b) If Sk1 and Sk2 are such that Sk1∩Sk2 = ∅ = Sk1∩Sk2 then N k1∩N k2 = ∅.
c) dimGk = rk (V +|Sk).
d) If dim Gk1 ≥ dimGk2 , then TGk1 ⊃ TGk2 on N k1 ∩ N k2 .
e) For all k, the set Pk = {p ∈ N k ; df(p)(TpGk) = 0} is a submanifold of
N k transverse to Gk
A complete system of foliations on Σf is a system of foliations on the union of
all the strata constituting Σf .
Remark 5.7 Notice that the set S1, . . . , Sl of l smallest strata, arranged in
decreasing order, satisfies the property that Sk∪. . .∪Sl is closed for all 1 ≤ k ≤ l.
Remark 5.8 Given a system of foliations on ∪lk=1Sk, we will always assume
(and this is not restrictive) that another system of tubular neighborhoods N k
of open subsets Ok = N k ∩ Sk of Sk as been given that satisfies N k ⊂ N k for
all k, as well as property a) in Definition 5.6. Hence, the collection {Gk|N
k
} is
also a system of foliations on ∪lk=1Sk. We will also use N
′
k, N
′′
k, . . . ,N
i
k
′, . . . to
denote more tubular neighborhoods of open subsets O′k, O
′′
k , . . . , O
i
k
′, . . . of Sk
such that
N k ⊂ N
i
k
′ ⊂ N ik
′ ⊂ N
(i−1)
k
′ ⊂ N k .
The need for these additional neighborhoods will appear in the proof of Proposi-
tion 5.9. It explains why, in Definition 5.6, we consider a tubular neighborhood
of an open subset of a stratum, rather than a tubular neighborhood of the en-
tire stratum. Indeed, if N is a tubular neighborhood of a nonclosed embedded
submanifold S (like most strata), there is no tubular neighborhood N ′ of S with
N ′ ⊂ N . To obtain such an inclusion we have to replace S by a submanifold O
of S with O ⊂ S.
Proposition 5.9 (Recurrence step.) Let S1, . . . , Sl be a set of strata satisfying
the property that for all k, the set Sk ∪ . . .∪Sl is closed in M , and suppose that
{Gk; k = 1, . . . , l} is a system of foliations on ∪kSk. Let S be another stratum
for which S ∪ S1 ∪ . . . ∪ Sl is closed. Then we can extend {Gk; k = 1, . . . , l} to
a system of foliations on S ∪ S1 ∪ . . . ∪ Sl.
The word extend has to be given the following meaning. A foliation G will be
constructed on some tubular neighborhood N of an open subset O of S in such
a way that G together with the restrictions of the foliations Gk to the neighbor-
hoods N k is a system of foliations on S ∪ S1 ∪ . . . ∪ Sl.
Proof. We will assume for our convenience that S∩Sk 6= ∅ for all 1 ≤ k ≤ l (if
this is not true, select the Sk’s intersecting S nontrivially, label them S1, . . . , Sl,
and ignore the other ones until further notice). We can also assume that
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dimGk ≥ dimGk+1 for all 1 ≤ k ≤ l − 1 (without affecting the property that
Sk ∪ . . . ∪ Sl is closed for all k).
The proof follows the first three steps of Subsection 5.2. The difficulty lies in
the second and third steps. We will need to adjust the distribution D′ and then
the foliation G so as to make them match the foliations Gk already constructed.
Adjustment of D′. Suppose S ⊂ Σ
(i1,...,ik)
do
, in particular rkV +S = do. We
begin with describing a procedure that allows one to canonically extend a d-
dimensional subspace of TsF , s ∈ S, on which d2f is positive definite (d may
therefore not be greater than do), to a do-dimensional subspace with the same
property.
Because d2f induces a metric on TSF whose rank and signature are constant,
it yields a bundle decomposition TSF = V +⊕V −⊕V 0 into g-orthogonal and d2f -
orthogonal subspaces (cf. beginning of Section 5). Let p1 denote the projection
TSF → V +, and let p2 denote the projection TSF → V −⊕V 0. Given an element
X in TSF , write X = X+ +X− +X0, where X+, X− and X0 belong to V +,
V − and V 0 respectively. For 1 ≤ d ≤ do, consider
W+ = ∪s∈S
(
W+s = {X ∈ TsF ; d
2f(X,X) > 0}
)
P+,d = ∪s∈S
(
P+,ds = {P ∈ G
d(TsF) ; P − {0} ⊂ W
+
s }
)
,
where Gd(TsF) denotes the Grassmann manifold of d-planes in TsF . If E is a
vector space endowed with an inner product, let S(E) denotes the unit sphere
in E, and let B(E) denotes the open unit ball in E. Observe that if P is a plane
in P+,d then p1|P is injective. Hence, an element P of P+,ds is the graph of a
linear map defined on p1(P ) :
ϕP : p1(P ) → V −s × V
0
s
x 7→ p2 ◦ (p1|P )−1(x) ,
whose restriction to the sphere S(p1(P )) takes its values in B(V
−
s )× V
0
s . Con-
versely, an element of Gd(TsF) that coincides with the graph of such a linear
map belongs to P+,ds . Notice that if P is do-dimensional, then p1(P ) = V
+
s .
Now given an element P in some P+,ds with d < do, we extend it to an
element E(P ) in P+,dos as described hereafter. Let qP : V
+
s → p1(P ) denote
the orthogonal projection onto p1(P ). Then define E(P ) via its associated linear
map ϕE(P ) by :
ϕE(P ) : V
+
s → V
−
s × V
0
s
x 7→ (ϕP ◦ qP )(x) .
Remark 5.10 We can form convex linear combinations of elements in P+,d0.
Indeed, let P1, . . . , Pr be elements of P
+,d0
s for some s in S, and let a1, . . . , ar
be positive real numbers with a1+ . . .+ar = 1. Then a1P1+ . . .+arPr denotes
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the element of P+,d0s whose associated function ϕ is a1ϕP1 + . . .+ arϕPr . The
map ϕ takes its values in B(V −s )× V
0
s , as this set is convex.
As in the first step of Section 5.2, the stratum S is extended to a q-dimensio-
nal embedded submanifold S′ transverse to F . The manifold S′ is the image of
a fiberwise convex neighborhood O of the 0-section in the bundle p : E = (TS+
TSF)⊥ → S via the exponential map associated to g. Recall from the second
step of Section 5.2, that a linear connection on TF determines, for each point
x in S′, a linear isomorphism ix : TxoF → TxF , where x0 = exp(p(exp
−1(x))).
Set O′k = exp(O ∩ p
−1(N ′k ∩ S)) and O
′′
k = exp(O ∩ p
−1(N ′′k ∩ S)).
Lemma 5.11 Provided O is sufficiently small, the following properties hold for
all k :
- O′k ⊂ N k,
- O′′k ⊃ N
′′′
k ∩ S
′,
- for every x in O′k, the space i
−1
x (TxGk) is contained in W
+
xo
∪ {0}.
Proof. Given a subset U of S and a positive number ε, let Uε denote the
subset exp(∪s∈UBε(0s)) of S′, where Bε(0s) is the ball of radius ε centered at
0 in p−1(s). For every s in S, there exists a neighborhood Us of s in S and a
positive number εs such that
- Uεss ⊂ N k for all k for which s ∈ N
′
k,
- Us ∩ N ′k = ∅ for all k for which s /∈ N
′
k,
- Us ⊂ N ′′k for all k for which s ∈ N
′′′
k ,
- Uεss ∩ N
′′′
k = ∅ for all k for which s /∈ N
′′′
k ,
- i−1x (TxGk) ⊂ W
+
x0
∪ {0} for all x ∈ Uεss with s in N
′
k.
Let {Ui; i ≥ 1} be a locally finite refinement of the covering of S by the
Uεss ’s. For any fiberwise convex neighborhood O of the 0-section in E such
that exp(O) ⊂ ∪iUi, the required three properties are satisfied.
For all k = 1, . . . , l, the dimension of Gk is at most equal to do (we supposed
that S ∩ Sk 6= ∅ for all k, and this implies that rkV
+
S ≥ rkV
+
Sk
for all k). We
can therefore associate to each foliation Gk a do-dimensional distribution D′k,
defined on O′k, tangent to F , and containing TGk. Simply let
(D′k)x = ix
(
E
(
i−1x (TxGk)
))
.
We would like to paste the D′k’s together so as to obtain a do-dimensional
distribution D′ ⊂ T ′SF on S
′ containing the distribution TS′∩N ′′′
k
Gk, and for
which d2f is positive definite on D = D′|S . For each k between 1 and l, let
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ρk : M → [0, 1] be a smooth function equal to 1 near N ′′k and vanishing near
the complement of N ′k. We define D
′ as follows :
D′x = ρ1(xo)(D
′
1)x + (1− ρ1(xo))ρ2(xo)(D
′
2)x + . . .+
(1− ρ1(xo)) . . . (1− ρk−1(xo))ρk(xo)(D′k)x + . . .+
(1− ρ1(xo)) . . . (1− ρl(xo))ix(V
+
xo
) ,
where x is in S′, and where xo = exp(p(exp
−1 x)). It is understood that when
some distribution D′k is not defined at the point x, the quantity ρk(xo)(D
′
k)x
is defined to be ρk(xo)ix(V
+
xo
). The linear combinations appearing in the right
hand side has to be understood as follows. If P1, . . . , Pr are subspaces of TxF for
some x in S′ such that i−1x (Pi) ⊂ W
+ ∪ {0}, and if a1, . . . , ar are real numbers,
then
a1P1 + . . .+ arPr = ix
(
a1i
−1
x (P1) + . . .+ ari
−1
x (Pr)
)
,
where the linear combination in the right hand side has to be interpreted accord-
ing to Remark 5.10. Observe that on O′′k , hence on N
′′′
k ∩ S
′, the distribution
D′ contains TGk. Indeed, the function (1−ρk(xo)) vanishes on N
′′
k, hence, only
D′1, . . . ,D
′
k are involved in the definition of D
′
x for x in O
′′
k . By construction,
D′j contains TGk for j between 1 and k; hence, any convex linear combination
of D′1, . . . ,D
′
k contains TGk as well.
To keep notations light, we denote N ′′′k by N k, N
′′′′
k by N
′
k, and so forth,
while fixing N k.
Adjustment of G. We will now extend the distribution D′ to a foliation G ⊂ F
defined on a tubular neighborhoodN of S′, that contains Gk on N ∩N ′′′k . Recall
from the previous section the foliated exponential map :
ξ : U ⊂ TS′F →M ,
where the set U is a fiberwise convex neighborhood of the 0-section in TS′F ,
small enough for ξ to be an embedding. Let G˜k denote the foliation (ξ)−1∗ (Gk)
defined on ξ−1(N k). It is of course tangent to the foliation of U by the fibers of
the natural projection π : TS′F → S′. For all k = 1, . . . , l, let Ek = (TGk)⊥ ∩
TF . Given any k, there exists a (not necessarily fiberwise convex) neighborhood
Vk of the 0-section of TS′∩NkF contained in ξ
−1(N k), such that each leaf of
G˜k|Vk intersects Ek along exactly one point. In particular, there is a map gk :
Vk → Ek defined by {gk(x)} = (G˜k)x∩Ek, where (G˜k)x denotes the leaf of G˜k|Vk
containing x. The following lemma is very similar to Lemma 5.11 although it
is formulated in TS′F instead of M . Its proof is omitted. Let U ′k (respectively
U ′′k) denote the set U ∩ π
−1(N ′k ∩ S
′) (respectively U ∩ π−1(N ′′k ∩ S
′)).
Lemma 5.12 Provided U is sufficiently small, the following properties hold for
all k.
- U ′k ⊂ Vk,
- U ′′k ⊃ ξ
−1(N ′′′k ).
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Let gl+1 denote the orthogonal projection TS′F → D′⊥, and let ν : TS′F ×
TS′F → TS′F be the map that sends the pair (x, y) to the orthogonal projection
of x onto the coset of D′ passing through the point y (that is, ν(x, y) = x +
gl+1(y − x)). Consider a smooth function ρk : M → [0, 1] whose value is 1 near
N ′′k , and is 0 near the complement of N
′
k. Define µ : U → TS′F by
µ(x) = ν (x , ρ1(xo)g1(x) + (1− ρ1(xo))ρ2(xo)g2(x) + . . .+
(1 − ρ1(xo)) . . . (1− ρk−1(xo))ρk(xo)gk(x) + . . .+
(1 − ρ1(xo)) . . . (1− ρl(xo))gl+1(x)) ,
where xo = π(x), and where, if gk(x) is not defined, we set ρk(xo)gk(x) = 0xo .
Observe that the map µ coincides with the identity on the 0-section. Denote by
G′ the foliation of TS′F by the cosets of D′. The idea is that, provided µ is a
diffeomorphism, the foliation µ(G˜k|U ′′
k
) is tangent to the foliation G′.
Lemma 5.13 There exists a fiberwise convex neighborhood U˜ ⊂ U of the 0-
section in TS′F for which µ : U˜ → TS′F is a diffeomorphism onto its image,
another neighborhood of the 0-section in TS′F .
Proof. First observe that the map µk(x) = ν(x, gk(x)), defined for x in Vk,
coincides with the identity on Vk ∩ Ek (or on TS′F for k = l + 1), and that
(µk)∗(X) = X for X in TsGk, with s in S′ ∩ Vk (as a consequence of the fact
that (D′)s contains TsGk for s in S
′ ∩ N k). Hence, the map (µk)∗s coincides
with the identity map for s in S′ ∩ Vk. Observe now that, if we fix s in S′ and
let x vary in TsF ∩ U , the map µ can be written as :
µ(x) = ν(x, t1g1(x) + . . .+ tlgl(x) + tl+1gl+1(x)) ,
where tk = (1 − ρ1(s)) . . . (1 − ρk−1(s))ρk(s) for 1 ≤ k ≤ l, and where tl+1 =
(1− ρ1(s)) . . . (1 − ρl(s)). Hence, for X in T0sTsF ≃ TsF , we have
µ∗s(X) = ν∗(s,s)
(
X, (t1g1 + . . .+ tl+1gl+1)∗s (X)
)
= ν∗(s,s) ((t1 + . . .+ tl+1)X, t1(g1)∗s(X) + . . .+ tl+1(gl+1)∗s(X))
= t1 ν∗(s,s) (X, (g1)∗s(X)) + . . .+ tl+1 ν∗(s,s) (X, (gl+1)∗s(X))
= t1 (µ1)∗s(X) + . . .+ tl+1 (µl+1)∗s(X)
= t1X + . . .+ tl+1X
= X .
Thus µ∗s = Id for all s in S
′, and the lemma follows.
Lemma 5.14 For all k, the foliation µ−1∗ (G
′) contains the foliation G˜k on U ′′k ∩
U˜ , hence on ξ−1(N ′′′k ) ∩ U˜ .
Proof. If x belongs to U ′′k ∩ U˜ , then (1 − ρk(xo)) = 0. Hence the map µ can
be expressed as follows :
µ(x) = ν (x, ρ1(xo)g1(x) + (1− ρ1(xo))ρ2(xo)g2(x) + . . . +
(1 − ρ1(xo)) . . . (1 − ρk−1(xo))ρk(xo)gk(x)) .
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Besides, for all j = 1, . . . , k, the map x 7→ ρj(xo)gj(x) is constant on the leaf
(G˜k)x of G˜k|U ′′
k
∩U˜ passing through x. This assertion follows from the fact that
whenever k1 > k2, the distribution TGk1 contains the distribution TGk2 on
N k1 ∩ N k2 . Thus the map µ sends the entire leaf (G˜k)x into a coset of D
′.
The foliation G is defined to be ξ∗(µ−1∗ (G
′)|U˜ ). Its domain is the open setN =
ξ(U˜). Lemma 5.14 implies that G contains Gk on N ′′′k ∩ N . Define P to be the
foliated singular locus of f with respect to G, that is, P = {p ∈ N ; df(p)(TpG)}.
We may assume, after shrinking N if needed, that d2f is positive definite on
TPG (cf. Fourth step of Subsection 5.2). The strata we might have ignored in
the very beginning of this proof should now be re-incorporated.
Lemma 5.15 The foliations G,G1, . . . ,Gl, defined on N ,N 1, . . . ,N l respec-
tively, form a system of foliations on S ∪ S1 ∪ . . . ∪ Sl.
Proof. Among the five defining properties of a system of foliations, properties
a), c), d) and e) have been taken care of during the construction. Only b)
requires some attention. We need to make sure that N does not intersect the
tubular neighborhoods of the strata that we discarded at the beginning of the
proof. A way to insure this is to fix a family of neighborhoods N˜ k, one for each
strata Sk, satisfying the following property :
if Sk1 ∩ Sk2 = ∅ = Sk1 ∩ Sk2 , then N˜ k1 ∩ N˜ k2 = ∅ as well.
Then, whenever we consider a neighborhood of some strata Sk, we request that
it be contained in N˜ k.
End of the proof of Proposition 5.9.
Corollary 5.16 A complete system of foliations on Σf exists.
Proof. Let S1, . . . , Sl be the set of all strata of Σf , presented in such a way
that S1 > S2 > . . . . Then, as described in Subsection 5.2 (or in Proposition 5.9
with l = 0), we can construct a foliation Gl near Sl and use Proposition 5.9
repeatedly to extend Gl to a system of foliations near ∪kSk.
5.4 Construction of a metric from a complete system of
foliations
Let {Gk; k = 1, . . . , l} be a complete system of foliations on Σf . Each Gk is
defined on a tubular neighborhood N k of an open subset Ok of the stratum
Sk. The foliated singular locus of f with respect to Gk is denoted by Pk. We
suppose that dimGk ≥ dimGk+1 for all k.
Definition 5.17 A Riemannian metric is said to be adapted to the system of
foliations {Gk; k = 1, . . . , l} if TxPk is perpendicular to TxGk for all x in Pk∩N ′k.
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Proposition 5.18 A Riemannian metric adapted to the system of foliations
{Gk; k = 1, . . . , l} exists.
Proof. For x in M , let Ux be a neighborhood of x in M , and let hx be a
Riemannian metric defined on Ux such that
1. Ux ⊂ N k for all k for which x ∈ Pk ∩ N ′k,
2. Ux ∩ Pk ∩N ′k = ∅ for all k for which x /∈ Pk ∩N
′
k,
3. if x ∈ Pk ∩ N ′k, then TyPk ⊥hx TyGk for all y in Ux ∩ Pk.
Existence of Ux and hx is easily seen, except perhaps for the last condition.
Suppose that x belongs to N ′k ∩ Pk if and only if k ∈ {k1, k2, . . . , kr}, with
k1 < k2 < . . . < kr. Then for Property 3. to hold, it is sufficient that the
following bundles be pairwise hx-orthogonal.
TPk1 , TPk2 ∩ TGk1 , TPk3 ∩ TGk2 , . . . , TPkr ∩ TGkr−1 , TGkr .
These bundles span TM on Ux ∩ (∩j(N ′kj ∩Pkj )) and are linearly independent,
so that the Gram-Schmidt orthogonalization process can be carried out.
let {Ui ; i ≥ 1} be a locally finite refinement of the covering ofM by the Ux’s,
and let {θi} be a partition of unity subordinate to the covering {Ui}. Denote
by hi the metric hxi , where xi is chosen in such a way that Ui ⊂ Uxi . Define
h =
∑
i≥1
θi hi .
Then TyPk ⊥h TyGk whenever y belongs to Pk ∩ N
′
k. Indeed, let y ∈ Pk ∩ N
′
k,
and suppose that y belongs to Ui ⊂ Uxi for some i. Then xi ∈ Pk ∩N
′
k. Hence
TyPk is perpendicular to TyGk with respect to the metric hi. Since this holds
true for every i for which y ∈ Ui, we have TyPk ⊥h TyGk.
5.5 Conclusion
The preceding subsections show how to construct a complete system of folia-
tions {Gk; k = 1, . . . , l} on Σf (Definition 5.6 and Corollary 5.16), as well as
a Riemannian metric h adapted to that system (Definition 5.17 and Proposi-
tion 5.18). By Proposition 5.3, there exists, for every k, a neighborhoodMk of
N ′k ∩ Σf for which
WMk(Σf ) ⊂ Pk ,
where Pk denotes the foliated singular locus of f with respect to the foliation Gk.
The submanifold Pk has codimension at least one and intersect F transversely.
Notice that the Mk’s cover Σf .
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6 The proof
Let us recall the statement of Theorem 0.4 whose proof will be completed in
the present section.
Theorem 6.1 On an open foliated manifold, any open relation invariant under
foliated isotopies satisfies the parametric h-principle.
Proof. Let Ω be an open relation invariant under foliated isotopies on the
open foliated manifold (M,F). Consider a proper F -generic function f : M →
[0,∞), without leafwise local maxima. As observed in Remark 3.23, we may
assume, without loss of generality, that f is not only F -generic but also strongly
F -generic. Let Σf = S1 ∪ . . . ∪ Sl be the decomposition of the foliated singular
locus of f (Definition 3.2) into strata (Definition 5.2). Let {Gk; k = 1, . . . , l}
be a complete system of foliations (Definition 5.6 and Corollary 5.16), endowed
with an adapted metric h (Definition 5.17 and Proposition 5.18). As before, we
will denote by N k the domain of definition of the foliation Gk, by Pk the foliated
singular locus of f with respect to the foliation Gk, and byMk a neighborhood
of N k ∩ Σf for which WMk(Σf ) ⊂ Pk. The leafwise gradient vector field of f
with respect to h (Definition 4.1) is denoted as before by ∇Ff , and its local
flow by ϕt. We will need a partition P = { a0 = 0 = a1 < a2 < . . . < ai < . . . }
of [0,∞) by non critical values (except for a0 and a1) of f . The latter provides
us with an exhaustionM = ∪iKi ofM by compact subsets Ki = f−1([ai, ai+1]).
The proof of Theorem 6.1 consists in showing that, provided the partition
P is fine enough, the hypotheses of Proposition 1.12 are satisfied. The first
hypothesis, that the h-principle is valid near K0 is easy to handle. Indeed,
K0 = f
−1(0) is a finite union of points (we assume here that the minimum value
of f is 0), and the local h-principle (Definition 1.8) is valid for any open relation
(cf. Proposition 1.9), in particular for Ω. Concerning the second hypothesis, that
the h-principle for extensions is valid on each pair (Ki+1,Ki), it is proven in two
steps. The combination of Lemma 4.5 and Lemma 1.11 proves the h-principle
for extensions on each pair (Ki+1,Ki ∪ W
ai+2
ai+1(Σf )). It remains to prove that
the h-principle for extensions is valid on each pair (Ki ∪W
ai+2
ai+1(Σf ),Ki). This
is where the construction of a Riemannian metric carried out in Section 5 is
needed, as will become clear below. Fix a slice Ki.
Observation 6.2 Since f is a strongly F -generic function on (M,F), for each
leaf F of the foliation F , the critical points of f |F are isolated in F . Moreover,
the submanifold Σf is closed and embedded. Hence, for each σ in Σf , there
exists a neighborhood Uσ of σ in M satisfying the following properties :
1. Uσ is the domain of a chart (Uσ, ϕσ) adapted to F and centered at σ such
that ϕσ(Uσ) = B
1
σ×B
2
σ, where B
1
σ is a closed ball about ϕ(σ) in the image
of the leaf Fσ, and where B
2
σ is a closed ball about ϕ(σ) in the transverse
direction.
2. Uσ is contained in Mk for some k.
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3. The compact set bUσ
def.
= ϕ−1σ (∂B
1
σ ×B
2
σ) does not intersect Σf .
Let {Ur ; r = 1, 2, . . .} be a locally finite refinement of the cover of Σf by the
Uσ’s. Observe that ∪rbUr is a closed set, and that for only finitely many r’s,
the set Ur intersects Ki nontrivially. For each r, choose a σr in Σf such that
Ur ⊂ Uσr . Choose also an index kr ∈ {1, . . . , l} for which Ur ⊂ Mkr . We will
use the notations introduced in Section 4.
Lemma 6.3
W(Σf ) ⊂
⋃
r
S(Ur ∩ Pkr ) .
Proof. Let x be a point in M −Σf such that x+ is in Σf . The critical point
x+ belongs to Ur for some r. Either the trajectory ϕ
[0,∞)(x) intersects bUr, or it
is entirely contained in Ur. In the second case, we deduce from Proposition 5.3,
and from the fact that Ur ⊂Mkr , that x must be contained in Ur ∩Pkr . In the
first case, let x0 = ϕ
t(x) be the point in ϕ[0,∞)(x)∩bUr for which t is maximum.
Then ϕ[t,∞)(x) is entirely contained in Ur, and Proposition 5.3 implies that x0
must belong to Pkr . In both cases, x belongs to S(Ur ∩ Pkr ).
Lemma 6.4 Let
εi = inf { f(x)− f(x
−) ; x ∈ ∪r(bUr ∩ Pkr ) ∩Ki and x
− ∈ Ki } .
Then εi is positive.
Proof. Suppose on the contrary that εi = 0. Then there exists a sequence
(xj) of points in ∪rbUr∩Ki with x
−
j in Ki such that limj→∞
(
f(xj)− f(x
−
j )
)
=
0. We may assume, after extracting a subsequence if necessary, that the sequence
(xj) converges in Ki to a point x. Since x belongs necessarily to ∪rbUr, it is
not a leafwise critical point of f , and we may therefore consider a chart (U,ψ)
about x, adapted to the foliation H of M − Σf by the orbits of ∇Ff . For all
sufficiently large j, the point xj lies in U . Letting x
′ = ϕt(x) with t < 0 be an
element in U , there exists a sequence x′j = ϕ
tj (xj) with tj < 0 converging to x
′.
Because f is strictly increasing along nonconstant trajectories of ∇Ff ,
0 < f(x)− f(x′)
= lim
j→∞
(
f(xj)− f(x
′
j)
)
≤ lim
j→∞
(
f(xj)− f(x
−
j )
)
,
contradicting the hypothesis that limj→∞
(
f(xj)− f(x
−
j )
)
= 0.
Now let P ′ = {b0 = 0 = b1 < b2 < . . . < bj . . .} be a refinement of the
partition P such that, if ai = bji , then bj+1 − bj < εi, whenever ji ≤ j < ji+1.
Fix j, let Lj denote the slice f
−1([bj , bj+1]), and let i be the index for which
[bj, bj+1] ⊂ [ai, ai+1].
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Lemma 6.5 For all r, the set Nr = S(Ur ∩ Pkr ∩ Lj) ∩ Lj is a finite union of
compact subsets of embedded submanifolds of codimension at least one, trans-
verse to F .
Remark 6.6 It is not true in general that Nr is an embedded submanifold.
The problem is that, even though ∇Ff is a leafwise gradient vector field, there
might be trajectories leaving Ur∩Pkr and coming back later to Ur∩Pkr , creating
in the process self-intersections in Nr.
Proof of Lemma 6.5. As in the proof of Lemma 6.4, letH denote the foliation
of M −Σf by the orbits of ∇Ff . For any point x in bUr ∩Pkr ∩Lj , there exists
a tx ≤ 0 for which ϕtx(x) = x0 belongs to f−1(bj)−Σf . Indeed, bj+1− bj < εi,
but f(x)− f(x−) ≥ εi, by definition of εi. Let Vx be an open neighborhood of
ϕ[tx,0](x) in M such that
- H|Vx is isomorphic to a product foliation,
- each leaf of H|Vx intersects f
−1(bj) nontrivially.
Let also Ux be a neighborhood of x in Vx ∩Mkr for which Ux ∩Pkr ≃ U
1
x ×U
2
x ,
where
- U1x is a neighborhood of x in the leaf Hx of H through x,
- U2x is an submanifold containing x whose projection onto the leaf space of
H|Vx is an embedding.
Existence of Ux is guaranteed by the fact that Pkr −Σf is tangent to H. Then
S(Ux∩Pkr )∩Vx is an embedded submanifold (it is isomorphic to U
2
x×R). Now,
since bUr ∩Pkr ∩Lj is compact, it is covered by a finite number of Ux’s, say by
Ux1 , . . . , Uxn . Moreover, we may assume that for each 1 ≤ ℓ ≤ n, there exists a
relatively compact refinement Vℓ of Uxℓ , such that ∪ℓVℓ also cover bUr∩Pkr∩Lj .
Then the compact sets S(Vℓ ∩ Pkr ) ∩ Lj , ℓ = 1, . . . , n and Ur ∩ Pkr cover Nr,
and are contained in the submanifolds S(Uxℓ ∩Pkr )∩ Vxℓ , ℓ = 1, . . . , n and Pkr
respectively. Because Pkr is transverse to F , and because H is tangent to F , the
submanifold S(Uxℓ ∩Pkr )∩Vxℓ is transverse to F as well (since U
2
x is transverse
to F). Moreover, by construction, the submanifolds S(Uxℓ ∩Pkr )∩Vxℓ and Pkr
have codimension at least one.
It follows from Lemma 6.5 and Lemma 6.3 that the stable set of Lj∩Σf with
respect to (∇Ff)|Lj is contained in a finite union of compact subsets of embed-
ded submanifolds intersecting F transversely, and having their codimension at
least equal to one. We can thus use Theorem 1.13 and Remark 1.14 to conclude.
End of the proof of Theorem 6.1.
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7 Examples of open foliated manifolds
The very first class of examples of open foliated manifolds consists of the prod-
ucts (M,F) × R. Let f be any positive, proper, F -generic function on (M,F)
(such a function always exists). The function g :M×R→ R : (x, t) 7→ f(x)+ t2
has no leafwise local maxima, and satisfies the hypotheses of Definition 0.3.
As implied by the following theorem due to Palmeira, foliations of the type
(M,F) × R include an important class of plane foliations (i.e. foliations whose
leaves are diffeomorphic to some Euclidean space).
Theorem 7.1 ([18]) If F is a transversely orientable plane foliation on an ori-
entable n-dimensional manifold M (with n ≥ 3), with finitely generated funda-
mental group, such that all leaves are closed, then there exists a two dimensional
surface S and a plane foliation F0 on S such that F is conjugate to the product
of F0 with Rn−2.
Another class of examples is described in the following lemma.
Lemma 7.2 Let π : M → B be a locally trivial fibration with compact fiber L
and open base, and let F be a foliation on M that is transverse to the fibers of
π, in the sense that TxF + Kerπ∗x = TxM for all x in M . Then the foliated
manifold (M,F) is open.
Proof. Let g : B → [0,∞) be a proper Morse function without local maxima.
It is sufficient to prove that if f : M → [0,∞) is sufficiently close to π∗g in the
fine C∞ topology, then f is proper and has no leafwise local maxima. It is easy
to see that a function that is C0-close to a proper function is proper as well.
Let {xj; j ≥ 1} be the set of critical points of g. For every j, let xj1, . . . , x
j
k be
local coordinates about xj , defined on a neighborhood U j of xj in B, for which
g(xj1, . . . , x
j
k) = (x
j
1)
2 + g(0, xj2, . . . , x
j
k) .
Assume also that U j is small enough to guarantee existence of a trivialization
φ : π−1(U j)→ U j × L, with the property that the image of each local sections
σjℓ : U
j → π−1(U j) : x 7→ φ−1(x, ℓ), ℓ ∈ L is contained in a leaf of F . A function
f whose 2-jet is sufficiently close to that of π∗g satisfies the following properties.
- The leafwise critical points of f are all contained in π−1(∪jU j).
- For all j ≥ 1, and for all ℓ in L, the second derivative of f ◦ σjℓ in the
direction of xj1 is strictly positive on U
j.
Then, if y is a leafwise critical point of f , the foliated second differential of f at
y may not be negative definite, that is, y may not be a leafwise local maximum
of f .
Remark 7.3 It is not know to us whether locally trivial fibrations with open
fibers are always open as foliated manifolds. Nevertheless, such foliated mani-
folds satisfy the conclusion of Theorem 0.4, as implies by Theorem 0.1 (cf. [1, 2]).
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We will now describe a general procedure that allows one to construct open
foliated manifolds. We need to recall the notion of Novikov component of a
codimension one foliation F on a closed manifold M .
Definition 7.4 ([17]) Two points x and y in M are said to be equivalent with
respect to F if either Fx = Fy, or the foliation F admits a closed transversal
that contains both x and y.
It is not difficult to verify that this defines an equivalence relation on M .
Definition 7.5 A Novikov component of the foliation F is an equivalence class
for this equivalence relation.
Example 7.6 The Reeb foliation on S3 has three Novikov components. One
of them is the torus leaf. The other two are two open solid tori bounded by the
torus leaf.
Theorem 7.7 ([17]) A Novikov component is either a compact leaf or an open
submanifold whose boundary is a finite union of compact leaves which are them-
selves Novikov components.
The following result is due to Ferry and Wasserman.
Theorem 7.8 ([6]) For a codimension one foliation F on a closed manifold
M , the following statements are equivalent.
- F has one Novikov component.
- There exists an F-generic function f :M → R with no leafwise degenerate
critical points.
Consider now a codimension one foliation F with one Novikov component
on a closed (n + 1)-dimensional manifold M . Let f : M → R be an F -generic
function without leafwise degenerate critical points. Let Γ ⊂ M be the set
of leafwise local maxima of f . Notice that since f has no leafwise degenerate
critical points, its singular locus (Definition 3.2) is necessarily transverse to
F (cf. Section 3.1 or [6]). It is therefore a finite union of embedded circles
intersecting F transversely; the set Γ is the union of some of them.
Lemma 7.9 The foliated manifold (M ′ =M − Γ,F ′ = F|M−Γ) is open.
Proof. We already have a bounded below F -generic function f |M ′ on M ′
with no leafwise local maxima. The only thing that needs to be done is to
modify f |M ′ so as to make it proper. Take a tubular neighborhood U of Γ
in M . The set U is the image of an embedding e : E → M , defined on the
total space of a rank-n vector bundle p : E → Γ, such that e ◦ s = Id Γ, where
s : Γ → E is the zero section. Since Γ is transverse to F , we may assume,
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without loss of generality, that the foliation F|U corresponds, under the map e,
to the foliation of E by the fibers of p. Such a tubular neighborhood is called
hereafter a foliated tubular neighborhood. Let g be a Riemannian metric on
the bundle E. Let θ : R → [0, 1] be a function with compact support whose
only critical value, aside from 0, is a global maximum achieved at the point 0.
Consider the function
f ′ :M ′ → R : x 7→

 f(x) +
θ(g(e−1x, e−1x))
g(e−1x, e−1x)
for x in U − Γ
f(x) otherwise .
The function f ′ is proper and bounded below. Moreover, provided U is small
enough, its leafwise critical points are exactly those of f |M ′ . Thus f ′ has no
leafwise local maxima.
Remark 7.10 Making f |M−Γ proper requires the set Γ of leafwise local max-
ima of f to be a union of circles. If on the contrary, Γ has a line segment as one
of its connected components, as might be the case if the function f had leaf-
wise degenerate critical points, it would not be possible to make f |M−Γ proper
without creating leafwise local maxima.
Remark 7.11 It is a classical result due to Rummler and Sullivan that a trans-
versely orientable, codimension one foliation has one Novikov component if and
only if it is geometrically taut, that is, if and only if M admits a Riemannian
metric with respect to which all the leaves of F are minimal submanifolds (a
proof of this result can be found in [4]).
As was suggested to us by Takashi Tsuboi, interesting foliations with one
Novikov component are obtained by forming connected sums along closed trans-
versals. Let M1 and M2 be (n + 1)-dimensional manifolds endowed with codi-
mension one foliations F1 and F2 respectively. For i = 1, 2, let ci : S1 → Mi
be an embedding transverse to F i. Suppose that the normal bundle of ci(S1) is
trivial (which it is when the foliated manifold (Mi,F i) is orientable). Consider
a foliated tubular neighborhood Ui of ci(S
1). The set Ui is the image of an
embedding ei : S
1 × Rn → Mi that coincides with ci on S1 × {0}, and that
maps the “vertical” foliation of S1×Rn isomorphically onto the foliation F i|Ui .
The connected sum of the foliated manifolds (M1,F1) and (M2,F2) along the
closed transversals c1 and c2, denoted by (M1,F1)c1#c2(M2,F2), is defined to
be the foliated manifold obtained by gluing M1 − c1(S1) to M2 − c2(S1) along
U1 − c1(S1) and U2 − c2(S1) via the isomorphism
U1 − c1(S
1)→ U2 − c2(S
1) : e1(t, x) 7→ e2(t,
x
‖x‖2
) .
If both F1 and F2 have one Novikov component, then their connected sum
has one Novikov component as well. Notice that one could as well perform the
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connected sum along disjoint unions of embedded circles, c11 ∪ . . . ∪ c
k
1 in M1,
and c12 ∪ . . . ∪ c
k
2 in M2.
Consider, for instance, a manifold of the type M = S1×F , where F is some
n-dimensional manifold. Let π denote the natural projectionM → S1, and let F
denotes the (trivial) foliation ofM by the fibers of π. Let also c1, c
′
1, c2 : S
1 →M
be disjoint embeddings such that π ◦ c1 = π ◦ c′1 = Id S1 , and such that π ◦ c2
coincides with the double cover eit 7→ ei2t (alternatively, one could suppose that
π ◦ c1 = π ◦ c′1 and π ◦ c2 are different covers of S
1 of the type eit 7→ eint). Then
the connected sum of (M,F) with itself along the closed transversals c1 ∪ c′1
and c2 ∪ c′1 is a foliated manifold with one Novikov component, and with dense
leaves. Indeed, a leaf of the connected sum corresponds to an equivalence class
for the equivalence relation on S1 generated by eit ∼ ei2t. The open foliated
manifold obtained by removing from M the set of closed curves along which
some given F -generic function without any leafwise degenerate critical point
achieves leafwise local maxima has dense leaves as well. Besides, if F is an open
manifold, it is not necessary to remove something to achieve openness.
Lemma 7.12 If the manifold F is open, then the foliated manifold (M,F)c1∪c′1
#c2∪c′1(M,F) is open.
Proof. Let f : F → [0,∞) be a proper Morse function without local maxima.
Let a, b be distinct noncritical values of f . Let γ : S1 → F be an injective map
whose image is contained in the level f−1(a). Let q (respectively q′) be a point
in f−1(a)− γ(S1) (respectively f−1(b)). Suppose that the closed transversal c1
(respectively c′1) coincides with the map S
1 →M : t 7→ (t, q) (respectively S1 →
M : t 7→ (t, q′)), and that c2 coincides with the map S1 → M : t 7→ (2t, γ(t)).
Suppose also that on the tubular neighborhoods U1, U
′
1 and U2 of c1, c
′
1 and
c2 respectively, along which the connected sum is performed, the function p
∗f
corresponds to some function
S1 × Rn → R : (t, x1, . . . , xn) 7→ c+ h(xn) ,
where p denotes the projection M → F , where h : R → R is an embed-
ding, and where c is either a or b. The functions f |M−(c1(S1)∪c′1(S1)) and
f |M−(c2(S1)∪c′1(S1)) assemble into a proper function g :Mc1∪c′1#c2∪c′1M → [0,∞)
that coincides with f on (M − (U1 ∪U ′1))
∐
(M − (U2 ∪U ′1)), and whose critical
locus in U1 − (c1(S
1)∪ c′1(S
1)) ≃ U2 − (c2(S
1)∪ c′1(S
1)) is made of two disjoint
transverse closed curves, consisting of leafwise critical points of leafwise index
m− 1 and 1 respectively. Figure 1 shows how to construct g on the connected
sum of a fiber in the tubular neighborhood U1 (or U
′
1) with the corresponding
fiber in the tubular neighborhood U2 (or U
′
1).
8 Application to Poisson geometry
Let us recall that a regular Poisson manifold can be described as a foliated
space (M,F) endowed with a leafwise symplectic structure, that is, a section
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Rindex m− 1
index 1
a
Figure 1: The function g on the connected sum of two corresponding fibers
of the second exterior power of the cotangent bundle T ∗F of the foliation F ,
whose restriction to each leaf of F is a symplectic form (cf. [5]). The question
of existence of such a structure on a given foliated manifold as been approached
in a previous paper [2] (see also [1]), where examples of foliations are presented
that do not support any leafwise symplectic structure although the obvious ob-
structions vanish. On the other hand, as explained below, a leafwise symplectic
structure on the foliated manifold (M,F) is a solution of a certain open, foliated
invariant differential relation.
Consider a foliated manifold (M,F). A section of the bundle ΛkT ∗F is called
a tangential differential k-form. A tangential differential 2-form α is said to be
nondegenerate if for every point x in M , the skewsymmetric bilinear form α(x)
on TxF is nondegenerate. The usual exterior differential restricts naturally into
a map dF : Γ(Λ
⋆T ∗F)→ Γ(Λ⋆+1T ∗F) (cf. [11]). The corresponding cohomology
H⋆(F) =
{dF − closed ⋆−forms }
{dF − exact ⋆−forms }
,
is called the tangential de Rham cohomology of the foliated manifold (M,F).
There is a natural affine fibration L : (T ∗F)1 → Λ2T ∗F defined by L(j1α(x)) =
dFα(x). Choose a dF -closed tangential differential 2-form θ. Define Ωθ to be
the differential relation Ωθ = { j1α(x) ; θ(x) + L(j1α(x)) is nondegenerate }.
A solution of Ωθ is thus a tangential differential 1-form α such that dFα + θ
is a leafwise symplectic structure belonging to the same tangential de Rham
cohomology class as θ. Thus, the set of solutions, modulo the set of dF -closed
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1-forms, parameterizes the set of leafwise symplectic structures lying in the class
[θ]. On the other hand, since the map L is an affine fibration, the space of sec-
tions of Ωθ is weakly homotopy equivalent to the space of leafwise nondegenerate
2-forms.
Proposition 8.1 ([7]) The relation Ωθ is open and invariant under foliated
isotopies.
Proof. That Ωθ is open follows directly from its definition. The second
assertion relies on considering the “right” lift for isotopies, that is :
ϕt · α = ϕ
∗
tα+
∫ t
0
ϕ∗s (i(Xs)θ) ds ,
where α is an element of T ∗F , and where Xt denotes the time-dependent vector
field associated to the isotopy ϕt. If α is a tangential differential 1-form for
which the tangential differential 2-form dFα+ θ is leafwise nondegenerate, then
ϕ∗t (dFα+θ) is leafwise nondegenerate as well (while the form ϕ
∗
t (dFα)+θ might
very well be leafwise degenerate), and
ϕ∗t (dFα+ θ) = dFϕ
∗
tα+ θ + (ϕ
∗
t θ − θ)
= dFϕ
∗
tα+ θ +
∫ t
0
d
ds
ϕ∗sθ
∣∣∣∣
s
ds
= dFϕ
∗
tα+ θ +
∫ t
0
ϕ∗sLXsθ ds
= dFϕ
∗
tα+ θ +
∫ t
0
ϕ∗sdF i(Xs)θ ds
= dF
(
ϕ∗tα+
∫ t
0
ϕ∗si(Xs)θ ds
)
+ θ .
Thus, Theorem 0.4 applies to the relation Ωθ.
Theorem 8.2 Let (M,F) be an open foliated manifold. Given a dF -closed tan-
gential differential 2-form θ, any family βs, s ∈ [0, 1]p of leafwise nondegenerate
2-forms is homotopic to a family of leafwise symplectic structures cohomolo-
gous to θ. Moreover, if βs is already symplectic and cohomologous to θ for s
in ∂([0, 1]p), the homotopy may be chosen to be stationary for those parame-
ters. Equivalently, the inclusion of the space of leafwise symplectic structures
cohomologous to θ into the space of leafwise nondegenerate 2-forms is a weak
homotopy equivalence
Theorem 8.2 implies the following existence and uniqueness result for leafwise
symplectic structures.
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Corollary 8.3 On an open foliated manifold any leafwise nondegenerate 2-form
can be deformed into a leafwise symplectic form (with prescribed tangential de
Rham cohomology class). Moreover, if two cohomologous leafwise symplectic
structures can be joined by a path of leafwise nondegenerate 2-forms, they can
also be joined by a path of cohomologous leafwise symplectic forms.
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